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O LEVEL ADDITIONAL MATHEMATICS (4038)

SCHEME OF ASSESSMENT

Paper Duration Description Marks Weighting

There will be 11— 13 questions of
varying marks and lengths testing |

Paper 1 | 2h more on the fundamental skills and 80 44%
concepts. Candidates are required
to answer all questions.

There will be 9 — 11 guestions of
varying marks and lengths.
Paper 2 2 Candidates are required to answer 100

all questions. J
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CONTENT OUTLINE

Knowledge of the content of the O Level Mathemalics syliabus is assumed in the syllabus
below and will not be tested directly, but it may be required ndirectly in response to questions
on cther topics.

Topic/Sub-topics

Content

Algebra

Quadratic equaticns and
inequalities

Include:
« conditions for a quadratic equation to have:
(i} two real roots
(i) two equal roots
(i1} no real roots
and related conditions for a given line to:
(i) ntersect a given curve
{ii) be a tangent to a given curve
(iii) not intersect a given curve
« solution of quadratic inequalities, and the representation of the
solution set on the number line
+ conditions for ax®+bx+c 1o be always pesitive (or always
negative)
« relationships between the rools and coefficients of the
quadratic equation arZ+bx+c=0

12

Indices and surds

Include:

« four operations on indices and surds

« rationalising the denominator

«  solving equations invelving indices and surds

13

Polynomials

Include:

« multiplication and division of polynomials
« use of remainder and factor theorems

+ factlorisation of polynomials

« solving cubic equations

1.4

Simultaneous equations
in two unknowns

Include:

«  solving simultaneous equations with at least one linear
equation, by substitution

- expressing a pair of linear equations in matrix form and solving
the equations by inverse matrix method

1.5

Partial fractions

Include cases where the denominator is no more complicated than:
«  lax+b){cx+d)

«  jax+b)(cx+d)?
« jax+b)(x2+ct)

{ii)




Conmnt

| Include
I « use of the Binomial Theorem for positive integer n

« use of the notations n! and

« use of the general term if !a“"'b". O<r=n
Lr

Exclude:

« proof of the theorem
| | i « knowledge of the greatest term and properties of the
| | coeflicients
| i

+ and modulus functions + functicns &%, e*, log,x, Inx and their graphs
|+ laws of logarithms
1+ equivalence of y=a" and x =log, ¥
+« change of base of logarithms
|« function {x| and graph of |I¢ x)|. where f(x) is linear, quadratic
1 or triganometric
|« solving simple equations inveolving exponential, logarthmic and
modulus functions

1.7 | Exponential, logarithmic ‘ Inciude:

2 : Geometry and Trigonometry

Trigonometnc functions, | Include:
identities and equations |« six trigonometric functions for angles of any magnitude (in
1 degrees or radians) .
|+ principal values of sin™ x, cos™ x, tan™ x
- exact values of the trigonometnc functions for special angles

o 45°, 60%) or (E, X, &
(30°, 45°, 60 JOT{S. g 3}

amplitude, periodicity and symmetries related to the sine and
cosine functions

« graphs of y = asin(bx} + ¢, }r‘—-asinf(%.!-t c,

| y=acos{bx)+c, y=aons§'§‘ +cand y = atan{bx),

where a and b are positive integers and ¢ is an integer

« use of the foliowing

sinA cosA
cosA - @A oA = «
sec’A =1 +1an’A, cosec’A = 1+ cof'A
= the expansions of sin(A+B), cos{A+B) and tan(A+8)
«  the formuiae for sinZA4 | cos24 and tan24

=cothd, sinfd + cos’A =1,

»  the formulae for sinA+sinB and cosAtcos8

= the expression for acos@+ b sing in the form
| Rcos(@+a) of Rsinlfia)

(iii)



Topic/Sub-topics

Content

" simplification of trigoncmetric expressions
|+ solution of simple trigonometric equations in a given interval
«  proofs of simple trigonometric identties

i Exclude general solution of trigonometric equations '|
. S _i
2.2 | Coordinate geometry in | Include:
two dimensions « condition for two lines to be parallel or perpendicular
+  mid-point of line segment
« finding the area of rectilinear figure given its vertices
« graphs of equations
| - ¥E ax” where n is a simple raticnal number
- r =
« coordinate geometry of the circle with the equation
(x~aP +{y-b=r? and x24 y? +2gx + 2y +c=0
« transformation of given relationships, including y = ax" and
¥ = kb", 1o linear form 1o determine the unknown constants
frem the straight line graph
Exclude:
« finding the equation of the circle passing through three given
poinis
«  intersection of two circles
22 | Proofs in plane Include:
geometry « [ symmetry and angle properties of triangles, special
quadrilaterals and circles®
« | mid-point theorem and intercept theorem far triangles
« [ tangent-chard theorem (alternate segment theorem),
intersecting chords theorem and tangent-secant theorem for
circles
« 1 use of above properties and theorems
3 Calculus
3.1 | Differentiation and Include:
integration « dervative of f{x) as the gradient of the tangent to the graph of
¥ =1(x)ata point
« derivative as rate of change
" dy o d d
R tandard notations F(x), #{x), S -4y

i{ use of s fons Fix), #'{x). 3£, 3‘; artgd)

[ . derivatives of x", for any raticnal n, sin x, cos x, tanx, e"
and In x, together with constant multiples, sums and
differences

« derivatives of compaosite functions

« derivatives of products and quotients of functions

« increasing and decreasing functions

« stationary points (maximum and minimum turning points and
A e stationary points of inflexion) ]

* These are properties learnt in O Level Mathematics.

(iv)



Topic/Sub-topics

Cantent

«  use of second derivative test to discriminate between maxima
and minima

+  applying differentiation to gradients, tangents and normals,
connected rates of change and maxima and minima problems

-, integration as the reverse of differentiation .

« integration of ¥” for any rational 71, sin x, cos x, sec” x and e*,
together with constant multiples, sums and differences

. integra[tiorl]of (ax + D)" for any rationai n, sinfax + b), cos(ax +b)
and e'*”

+ definite integrai as area under a curve

- evaluation of definite integrals

« finding the area of a region bounded by a curve and lines
parallel to the coordinate axes

« finding areas of regions below the x-axis

« application of differentiation and integration to problems
involving displacement, velocity and acceleration of a particle
moving in a straight line with variable or constant acceleration

Exclude:

« differentiation of functions defined implicitly and parametrically

« finding the area of a region between a curve and an oblique
line, or between two curves

« use of formulae for motion with constant acceleration

(49




MATHEMATICAL NOTATION

The list which follows summarizes the notation used in the Syndicate’s Mathematics examinations.
Although primarily directed towards A level, the list also applies, where relevant, to examinations
at all other levels, i.e. O level, AQ level and N level,

1. Sef Notation

E is an element of

€ is not an element of

{xy, X2, .} the set with elements x,. xs, ..

1x0. the set of all x such that

nid) the number of elements in sel 4

@ the emply set

€ universal set

4’ the complement of the set 4

M the set of positive integers, {1, 2, 3, ...}
z the set of integers, {0, 1, 22, £3, ...}
z the set of positive integers, {1, 2, 3, ...}

I, the set of integers modulo », {0, 1, 2, ..., n -1}

Q the sot of rational numbers

Q’ the set of positive rational numbers, {x € Q:x > 0}

Qa the sel of positive rational numbers and zero, {x € Q: x = 0}
E the set of real numbers

R’ the set of positive real numbers, {x &€ R: x > 0)

Eg the set of positive real numbers and zero, {x € R: x = 0}
R" the real n tuples

C the set of complex numbers

s is a subset of

c is a proper subset of

£ is not a subset of

¢ is not a proper subset of

G union

o intersection

[a, b) the closed interval {x cR: a = x = b}

la, b) the interval {x eR: a = x < b}

(a, &) the interval {x eR: g < x = b)

(a, b} the open interval {x cB: a = x < b}

yRx v is related to x by the relation R

vi)



2. Miscellanecus Symbols

= is eqgual o

* is not equal o

= is idantical to ar is congruent ta
= is approximately equal to

is isomorphic lo

is proportional to

= = is less than; is much less than

= > is less than or equal to; is not greater than
= is grealer than; is much greater than
ER is greater than or equal to; is not less than
o infinity

3. Operations

a+h aplus b
a-b a minus b
axh, ab, ab a multiplied by &

T
a+ b, (g. alb a divided by &

ath the ratio of a to &

a

a; ap+ iy + L+ oa,

i=1
a the positive square rool of the real number o
|al the madulus of the real number &
! n factorial for n & 27 U {0] (0! = 1)

" . . n! .

the binomial coefficien] ——— form, re 2" U {0}, 0= r=n
r rin=r)

AN ril) Morne @ ore 2 Uio}

r
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4. Functions

T function
fix) the value of the function f at x
fid -8B fis a function under which each element of set 4 has an image in set B
frx =y the function { maps the element x o the element y
i the inverse of the functian {
gof, gf the composite function of f and g which is defined by
(g v Nx) or gflx) = g(fix))
lim fix) the limit of f{x) as x lends to «
rba
Ax: Gx an increment of x
& the derivative of y with respect to x
dy
d!l').
the nth derivative of y with respect to x
de™
fx), (). ..., F™x) the first, second, ... nth derivatives of fix) with respect to x
j)d.r indefinite integral of » with respeclt o x
rjlix the definite integral of y with respect to x for values of ¥ between a and &
= the partial derivative of y with respect to x
ox
X, ¥, the first, second, ...derivalives of x with respect to time

5. Exponential and Logarithmic Functions

€ base of natural logarithms
e', exp x exponential function of x
log ,x logarithm to the base a of x
Inx natural logarithm of x

lgx logarithm of x to base 10

6. Circular Functions and Relations

sin, cos, tan,

cos6c, $8C, col } the circular funclions

sin”', cos™', tan’

cosec™, sec™, cot™! } the inverse circular functions

(viii)



7. Complex Numbers

i square roof of -1

2 a complex number, = = x + iy
=ricosf +isind), reRy
=re'f r ER,

Rez the real part of z, Re (x+iy) = x

Im z the imaginary part af z, Im (x + iv) = ¥

H the modulus of z, |1 i Vi + ), Jl"(L'l‘SI'J +isin@)|=r
arg z the argument of =, argtr{cos® +isinf)) =6, ~n<# = =
" the complex conjugate of z, {(x + i¥)* =x - iy
B. Matrices
M a matrix M
M the inverse of the square matrix M
M the transpese af the matrix M
det M the determinant of the square maltrix M
9. Vectors
a the vector a
A'l; the vector represented in magnitude and direction by the directed line segment A#
i a uml vector in the direction of the vector a
i jy k unit vectors in the directions of the cartesian coordinate axes
]ar the magnitude of 2
— . —
| A8 the magnitude of A8
a.b the scalar product of a and b
axh the vector product of a and b

10. Probability and Stalistics

A B, C efc. avents

AU B union of events 4 and &

A4nB intersection of the events 4 and &

PiA} probability of the event 4

4’ complement of the even! 4, the event “not 4"
PiAIE) probability of the event A given the evenl B
X, ¥, R, etc. random variables

T, v, r, etc, value of the random variables X, ¥, &, etc.
Xpa Xo e observations

S Faeene frequencies with which the cbservations, x. x;

(ix)



plx)
Prs Paeee

fix), glx)...
Flx), Gix)...

E(x)
E[g(1)]
Var(X)
B(n, 1)
Wi, o)
n

a

a

I

LT -%

-~

Cov(X, 1)

the value of the probability function P(X = x) of the discrete random variable X
probabilities of the values X, X, ...of the discrete random variable X

the value of the probability densily function of the cantinuous random variable A"
the value of the (cumulalive) distribution function P{X = x) of the random
variable X’

expeciation of the random variable Y

expectation of g(X)

variance of the random variable X’

binominal distribution, paramelers n and p

normal distributin, mean g and variance a°

population mean

population variance

population standard deviation

sample mean

unbiased estimate of population variance from a sample,

=

Zix-xy
n=1
probability density function of the standardised normal variable with distribution
N(0,1)
corresponding cumulative distribution function
linear product-moment correlation coefficient for a population
linear product-moment correlation coefficient for a sample

covariance of X' and V'

(x)



Mathematical Formulae

1. ALGEBRA

Quadratic Eguation
For the eguation ax® + bx + ¢ =0,

_ ~b2VBT —dac

x=
2

Binomial expansion

fa+b)" =a"+ (T Jr.r"" b+ (:}ﬂ"_z P+ [J:]a”" bt Y,

. e Al oat _aln=1..iu-r+1)
where # is a positive integer and [') = = P

2. TRIGONOMETRY

Identitics
sinf A+cos? A=)
sect A= 1+tan® A
cosect A= 1+cot* A
sin(A = B)=sind cos 8 £ cosA sin#
cos{A £ By =cosA cosH F sinA sin8
mn(A:B):%
sin 24 = 2sinA cos A
cos 2A =cos? A -sin’ A =2cos? A= 1 =1-2sin?4
2
24 =720
sinA + sin # = 2sin§(A + B) cos$(A - B)
sinA = sinB = 2cos LA + B) sin} (4 - B)
cosA+cosB = Ecus%(i\ +8) CDS%(;‘. - B
cosA - cos B = -2sin}(A + B) sin (A - B)
Formulae for AABC

a_ b [

sinA” sin B sinC
al=b"+ e =2hecos A

.I'\:fl.r:b sin €

HIAETISIUS

© UCLES & MOE 2006
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1 Anengineering firm buys a new piece of equipment at a cost of $72000. The value of this equipment
decreases with time so tha its value, SV, after 1 months use is given by

V= 72000 ¢ H,

where & is a positive constant. The value of the equipment is expected to be $40000 after 30 months
use.

(i} Calculate the value, to the nearest $100, of the equipment after 20 months use. [4]
The equipment is replaced when its value reaches % of its original value.
(ii) Calculate the length of time, to the nearest month, the cquipment has been i use when it is

replaced. [2]

2 The function [ is defined, for all values of x, by fix) = 2cos (%] -L

(i) State the amplitude and period of 1. 2]
The function g is defined, for 0° = x = 360°, by g(x) = 2cos {%) -1,
(ii)  Find the x-coordinate of the point where the graph of ¥ = g(x) crosses the x-axis. 12]
{ifi)  Sketch the graphof ¥ = g(x). 12]
{iv) Sketchthe graphof y=|g (x)|- m

3 Thecquation of acurveis y= e,
(i) Find expressions for gd—'-
x

(i} Find the x-coordinate of the stationary point and determine the nature of the stationary point.  [3]

and i',:_ 141
dl-

4 (i) Express x:-3[ in partial fractions. 4
5
{ii} Hence evaluate Iig!-d.l 14]
4 o=

5 The roots of the quadratic equation 2" —4x+5=0 are eand 8

(i} State the value of a+ fand of af. 2]
(i} Find the quadratic equation in x whose roots are L‘ and EE-E . [6]
o
© UCLES & MOE 2006 AIBALSPOE [Turn over
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6 Without using a calculator
(i) evaluate 6, given that 3741w 23+ b 22942 14)

(i) find, in the form {a + 42 )em. the height of the right circular cylinder of volume (7 + 42} em?

whose radius is (1 + V2 Jem. 141

7
R
Q
S N P T
In the diagram above SPT is a tangent 1o a circle at the point P. The points @ and R lic on the circle.
The line PM is perpendicular to the chord R and the line RN is perpendicular to the tangent SPT.
(i) By considering QF as a chord of the circle, find, with explanation, an angle equal 1o angle QFT.
(2]
(i) Explain why a circle with PR as diameter passes through M and V. 2]
(iii) Prove that the lines MN and QP arc parallel. I51
8
Bi2,p)
A C{l14,5)
0,3}
ol D X
The diagram shows a trapezium ABCD in which A is (0, 3), Cis (14, 5) and angle ABC is 90°. The point
17 lies on the x-axis and the point & has coordinates (2, p), where p is a positive constant.
(i) Express the gradient of AB and the gradient of BC in terms of p. 2]
(ii} Hence find the value of p. 3]
(iii) Find the coordinates of D, 131
(iv) Calculate the perimeter of ABCD, correct to 1 decimal place. 12]
© UCLES & MOE 2006 ANIZM2/EPE
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9 Aparticle moves in a straight line so that, t seconds after leaving a fixed paint 0, its velocity, vms™!, is
givenby v=16+6/—¢. Find

(I} the velocity of the particle when its acceleration is zero, 3]
(i} the value of ¢ when the particle is instamaneously st rest, 121
(iii)  the distance from O at which the particle is instantaneously at rest, 131

131

{iv} the total distance travelled by the particle in the imerval r=0 1w r= 12,

10

o i

“

In the diagram above 1 unit represents | kilometre along each axis. The triangle OAS represents a park.
‘The development of a new road will result in the park being reduced 1o the shaded region shown. One
of the boundaries of this shaded region is represented by the curve y=+y5x+4. The side A# is normal

to the curve at the point P(1, 3).
{i) Find the equation of the line AB.
(ii) Show that the length of OB is 3.5 units and find the length of OA. 2]

(ifi)  Show that the development of the new road will reduce the park to approximately 85.5% of its
original size, [6]

© UCLES & MOE 2006 AVIROLSIE [Turn over
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4m
a7

1

2]

D

The diagram shows a rectangle ABCD inside a semicircle, centre O and radius 4m, such that angle
BOA = angle COD = & The perimeter of the rectangle is Pm.

(i} Show that P = 16cosf” + Bsinf?”. 13]
(ii) Express Pinthe form R cos(8” — ). 16]
{iii} Find the maximum value of P and the corresponding value of & 2]

12]

(iv) Find the value of # for which P = 15,

D UCLES & MOE 206
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TOPIC1 SETS

FORMULAE AND IMPORTANT NOTES

A set is any well-defined list, collection, or class of objects. These objects are called
elements or members of the set. A finite set has finite number of members. An infinite set has
infinite number of members.

Sets will usually be denoted by capital letters 4, B, C, ete. There are many ways to define
sets. Here are some examples: 4 = {x:2<x < 100}, B= {(x,3): 2x +3y=5}, C={x:xisa

perfect square}, D= {a, b, ¢, d. e}.

Quick reference

NOTATIONS WHAT IT MEANS
AUB Unionofl 4 and B
ANB Intersection of 4 and B
n{A) MNumber of elements in set A
s "...is an element of ..."
e "... is not an element of ..."
A’ Complement of set A
=) The empty set or null set
£ Universal set
AcB A is a subset of B
ACB A is a proper subset of B
ALB A is not a subset of B
AaB A is not a proper subset of B
{1, X2y ) The set with elements x,, x4, ...
fx L} The set of all x such that ...

(i) The null (empty) set is a set with no number. Example: {a real number whose square is
negative} = ¢. A set with "zero” as the only member is not a null set.

(i) A null set is a subset of all sets.

(iii) If.4 < B then n{A) < »n(B). The converse needs not be true.

(iv) If4 < Bthen niAd) < n(B). The converse needs not be true.

(v) fd4 < Band B A then A and B have the same members. We write 4 = 8. The
members of each of the two sets do not have to be arranged in the same order.

(m



5. Study the following diagrams carefully. Pay particular attention to the notations that are used
to define each region.

U]

(i)

W)

L3

Indiagram (i), AUA'=¢

In diagram (iii). AN B= ¢

(ii)

)

@

(AU By

ANE

Bnd

B
(A UB)

Ang

(HUBUCY
= A'NB'NC

(2

In diagram (i),

Bcd

Achk

AnNB=@
AulR=§
AuB=4
AnB =4
AnB=8

A and B are mutually
exclusive.
They are disjoint sets.

In diagram (iv),

BaA

Bcd

AuB=18

AcB

AnB=4

B contains or includes
A. A is a proper subset
of B.



Study the name given to each shaded region of the following diagrams.

(i)
P
@=s
(iv)
(vii) [ -
A
(x)

AnBy=4A'ul

(ii)

(viii)

(xi)

(i)
ANB=('UBY
i) [o
(AnBYu(BnA)
(ix) i:;——
L
|
b
L
(AuB) u(4nB) AUB=(40B)
= @'nB)uUANB)
= (A'UB)N(BUA)
F (xii) [ o
AuB .

(i)  Forany two sets: n{4 u B) =n(A) + n(B) - n(A n B)

(ii) For any three sets:

MAUVBUC)=n(A)+ n(B)+ n(C)—nlAnB) —n(BnCy—n(Cnd)+ndnBnC)

(N3



PAST EXAMINATION QUESTIONS

1.

=]

The diagram shows a universal set ¢ and the p
three sets A, Band C. C
(1)  Copy the diagram and shade the region A

representing (4 w C)n B'. \

For each of the diagrams below, express, in set notation, the set represented by the shaded
area in terms of 4, Band C.

() ¢ (i) =

(N2003/P2/4)

A youth club has facilities for members to play pool, darts and table-tennis. Every member
plays at least one of the three games. P, [ and T represent the sets of members who play
pool, darts and table-tennis respectively. Express each of the following in set language and
illustrate each by means of a Venn diagram.

(i) The set of members who only play pool.

(if)  The set of members who play exactly 2 games, neither of which is darts. (N2004/P1/2)

(@ ) ¢ A 2 (i) ¢

)

For each of the Venn diagrams above, express the shaded region in set notation.
(b)

A B

€l 4 B

C

(i) Copy the Venn diagram above and shade the region that represents 4 N 81 ',
(ii) Copy the Venn diagram above and shade the region that represents 4' N (B U C).
(N2005/P1/2)

(14



Express each of the following statements in appropriate set notation.

(i) xis not an element of set 4.

(i1)  The number of elements not in set B is 16.

(iii) Sets C and [ have no common element, (N2006/PL/T)

(1)5



TOPIC2 IRRATIONAL ROOTS (SURDS)

FORMULAE AND IMPORTANT NOTES

[ad

A surd is an irrational root of a number.
i JaxJb=Jab

Gy Jaxgi=dJa =(J7)=a
(i) Ja +b =%::Jﬂ+b :-.\.1"?
(iv) Ja'b =ab

(v) c:\.'z xc\."? =ac \."h_u’

(vi) ——
(viiy <& = /@
(viii) 5 =—

) LF-L-F

(x) “_‘:—f =”v{§

i) 22T

(xii) Ja? =a*
—

(i) JaPxe =a"x T
(i) Ja+b #Ja + /b unless one or both of 2 and b are zero

(i) Ja-b += Ja - /b unless b is zero

(iv) aJb +cfb =la+c)Jb aJb +a T =a(\|'"_ +JT)
™) afb —efb =la-e)JB aJb —ajt =u(\n"_ - JT)

i) (ya+Je)(Ja-JB)=a-b

wii) (a+ B Wa~JB)=a?~b

wiii) (y@ +b)(j@ -b)=a-b?

(v (Ja+/5) =(ya +J8)(Ja + /B ) =a+b+2/ab
) (a+yB) =(a+ B ) a+ /B ) =a? +b+2aB

i) (Ja+8) =(ya@ +b)(Ja +b) =a+h?+2b /G

i) (@ - VB) =(Ja@ - B )(J@ - JB) =a+b-2Jab

@i



iii) (a— B ) = (a= B Y- VB ) =a? +b-2aF
(xiv) (/@ ~b)" = (/@ ~8)(/a@ ~b) =a+b*~2b/a

Rationalising the denominator:

(=]

o oo oa JF_afb
O F=F*F="s
-
() TF =7 x7 =%
E-e fJF o)
@ _ i -
0 T = e X = e

. e s LR
W) o F = X T e

4. Ifa+ B =e¢+ J/d, where aand ¢ are both rational and 5 and Jd are both irrational
roots, thena=cand b= d.

WORKED EXAMPLES
1 Simplify: 27 - V12 42775 - [&
JTT - 13 4275 - [&£ = [3%9 - /33 +2/3x25 - [5E
=33 -2/3 +10/3 -1./3

=(3-2+]0-—‘)J3
5
=10%3

3

Express %% inthe forma-bc .
T3 (3472437
32 T (Ian)aI-2)3)
_ G/ a6meANCEY
GaY-QAY

18-12 /5 +12
T§-12

30-12/8
=—

_ o(s-2 5 )

=5-2/6

(2)2



2.

1

e JT
¢ 7

" . '
Without using tables or calculators evaluate i
T
| L s T(-JT)
=7 s T (=0T XE0T)
54 T =50 J7
(7Y

N

¥

5

=i

[ER

)

&

PAST EXAMINATION QUESTIONS

[E]

The variable 6 and r are related by the equation 8 = B¢, where 8, and £ are constants.
When ¢ =30, 0= +q.
(i)  Show that the value of &, correct to 4 decimal places, is 0-0231, When 1= 40, 0 =28,

(i1} Calculate the value of 6.
When 7= 50, calculate

(i) 8,

(iv) 4

Find the average rate of change of O with respect to 7 over the interval 0 < 1 < 50,
(N2000/P2/3b)

Given that (a+ J3 )(3 + 5,5 ) =26+ 11,/5 , find the possible values of @ and of b,

(NO1/P2/8a)
Given that k= TIT'_ and that p = }—': express in ils simplest surd form
[ (i) p-+. (N2002/P2/3)

A rectangular block has a square base. The length of each side of the base is (/3 — /2 ) m
and the volume of the block is (442 —3./3 )y m* . Find, without using a calculator, the height

of the block in the form (a2 + b3 ) m, where a and 5 are integers. (N2003/P1/4)
Given that Ja + bJ3 = :‘:T where & and b are integers, find, without vsing a ealculator,
the value of a and of b, (N2004/P2/2)
A cuboid has a square base of side (2 - J3)m and a volume of (243 ~ 3)m’. F.nd the height
of the cuboid in the form (z + b3 Ym, where a and b are integers. (N2005/P1/4)
Express (2 - 43 ) = —2= in the form p + qdr; where p and g are integers.

(N2006/P2/9a)

Without using a calculator f'lu] in the form (a + b2 ) em, the height of the right circular
eylinder of volume {7 + 4 /2y em’ whose radius is (1 + Jz Jem. (SPO8/P2/6ii)

2)3



TOPIC3 INDICES

FORMULAE AND IMPORTANT NOTES

1. The three laws of indices:
Pedmrt e Sl
()t =

a

=gy ey =E=E)

2

w

Let a and b be positive integers
(i) =xex*x..t0 a factor
(i) "=

Gip =L t=n @) =4

If = theny=x"%

=

w

10—a= —"1; = the digit 1 that is @ places afier the decimal point
10°= 1
10 = the digit | followed by a zero(s)

WORKED EXAMPLES

1. Finthe value 01'(3—,;)-{' x (1)4 —'(‘l)_]
RO ONE (O REREES
—( )

i
m|u.|
=| "

= ‘|=‘
Elc

(3



Solve the equation 3% » 477 = 576,
3eqr? =576

576

@ ed =
9red =36
(9=4)y =36
36 =36
x =1

3. Simplify “-“‘2‘.‘7}3.-—

3627420

FIIE

PAST EXAMINATION QUESTIONS

1. Solve the equation 2" = 2"+ 10, (N2000/P2/3a)
2. (a) Find, inits simplest form, the product ofaT +b% andat —avhi +b3.

(b) Given that 2% = 50 = §* = 5% _evaluate 10 (N2002/P2/9)
3. Without using a calculator, solve the equation 3,|—J ::: . (N2003/P2/2)
4, Find the value of each of the integers p and g for which (3 Fagrxse, (N2005/P2/8a)
5. Given that # * ﬁ = ab®, find the value of x and of y. (N2006/P2/9b)

6. Without using a calculator, evaluate 6", given that 371 x 22 F =202 {SPO&/P2/6i)

3)2



TOPIC4 LOGARITHMS

FORMULAE AND IMPORTANT NOTES

ro

Lad

o

-

ol

o

If y>0,a>0and a#1, x is areal number, and y=a" then x is the logarithm of ¥ to
the base a. We write x=log, v.
y = a'er,

If y= 10" then x = loggy = 1g v, the common logarithm of y.

Il y=e" where e = 2-718281828... then x = In y, the natural logarithm of y.

120:01 =—2

lg01 =-1
lg 1 =0
lg1io =1
g 100 =2

loga=1gll=Ine=1

log, 1 =0

log,a"=b

log, v+ log.z # loga(y + z) and log,yz + log.y  log,z
log, ¥ + logez = log,yz

log,y
log,z

log, ¥ ~logaz # loga(y - 2) and log, + #
logey —logaz = loga®

log, " = (Iog"y)b but log,v* = bxlog,y
log, v log,z = log,z

log,y % logya=log,a=1

1 . bog,
02,5 = Tog, =

log,z lp 2 In 7
log,z Tog,y — lgy — Iny

Ifyv=a*thenlgy=1ga®
lgy =x+lga

lgw Inv
T lga T Ina

X

(41



Base of G.C.E. Keysin
logarithm | notation | caleulator
of y
@ ny Iny
10 gy log v
ey Inv
a logay Tea O Ta

PAST EXAMINATION QUESTIONS

Lol o

h

11.

Solve the equation 1g(20 + 5xj— 1g(10-x)= 1. (NOT/P2/4b)
Solve the equation 277" 4+ 2 =49, (NU8/2/5a)
Solve the equation lg(x— 8) + Ig(%) =1+lg($) (NOO/P2/3a)
Solve the equation 27 = 2" + 10, (N2000/P2/3a)

{a) Given that 41gix /¥ )= 1-5 + lgv — lav, where r and v are both positive, express, in its
simplest form, y in terms of x.

(b}  Given that p = log.q, express, in terms of p, (i) Iu;n('.} ) (i) log:8g.  (N2000/P2/5¢, d)
Solve the equations (i) lg(2x + 5) = 1 + lgx, (i) logey + logzy = 12 (NO1/P2/7a)

{a} At the beginning of 1960, the number of animals of a cenain species was estimated at
200 000, This number decreased so that, after a period of n years, the population was
20 00e 5,
Estimate

(i) the population at the beginning of 1970,

(it) the year in which the population would be expected to have first decreased to
2000.

(b)  Solve the equation 3**' - 2 =8 = 3~ 1, (N2004/PI/12EITHER)
() Solvelog#d 17y + 15) =2+ log«(2y - 3).
(b)  Evaluate log,8 x log. p. (N2005/P1/T)

Variables V and 1 are related by the equation V = 100e", where k is a constant, Given that
V=300 when r= 21, find

(i) the value of &,
(i1) the value of V when 1= 30. (N2005/P211)
(1) Solve the equation lg(x + 12) =1 + lg(2 —x).

(b))  Given that logzp = a, logsg = b and % =2, express ¢ in terms of @ and b, (N2006/P1/8)

Solve the equation logs(2v— 1) - loge(x* — 2} = 'm_l‘ (SPOS/PUT)

(4)2



12, An engineering firm buys a new piece of equipment at a cost of $72 000. The value of
this equipment decreases with time so that its value, 3V, after r months use is given by
V =72 000 e, where k is a positive constant. The value of the equipment is expected to be
£40 000 after 30 months use.

(1) Calculate the value, to the nearest $100, of the equipment after 20 months use.
The equipment is replaced when its value reaches % of its original value.

(ii) Calculate the length of time, to the nearest month, the equipment has been in use when
it is replaced. (SPOS/P2/1)

“43



TOPIC5 SIMULTANEOUS LINEAR
EQUATIONS

FORMULAE AND IMPORTANT NOTES

1.

1. To solve a pair of si us linear equations with two variables is to find the co-ordinates

of their point of intersection, if any.
2. There is no solution if the lines are parallel and an infinite number of solutions if the lines
coincide.
There are generally four nongraphical methods of solutions:
(i) Equating two expressions

Solve: y=3x—dand 2y=T7+4x

Solution: 2(3x—4)= 7+ 4x ctc,
(ii)  Substitution

Solve: 3y+8e=13and2x=9 - 11y

Solution: 3y + 4(2x) =13

Jy+4(9 =113 =13 etc.

(iii) Addition or subtraction

Solve: Sx—3y=2and 8x+5y=9

Solution: Sx-3y=2..(i)

Br+5y=9.. (i)

{(I)x5:  25x—15y =10.. (i)
(ii)x3: 24+ 150 =27 .. (iv)
(i) + (iv) : 49x =3Tete
(iv) Two-by-two determinant

Solve: ax +hy = e and ex +dy =

a ¢

e b
fd

cf
a b

ab
cd

bad

. . _ _ il
Solution: x= = ',;;‘37

=

¢

_ af-ee
T ad-ch

=
1}

Note: 1M ad — cb = 0 then the graphs of the pair of equations are either parallel or
identical.

(&3]



WORKED EXAMPLES
1. Solve the equations 5.t—4y=3%.2.\‘+ =14

gL -4

143 £L031-14i-4) 34
rme—— e . 31

s 4 S3)-24) 7

23

5 8L

214 siray-2(8L) 21
y=—m =" =23

(=]

Solve the equations 27! —5¥ = 131, 2*4 452 = 13,
28 =131L..(30)

25 L 52 2 13 (i)

From (i), 2(27)-5"=131...(iii)

From (i), 15(2*)+5(5") = 13...(iv)

131 -1
|
13 == 3 ;
2= =L L
2 -1 o L
.
6 25
2 131
1
== 13 A
i6 2013 031) 7
5= 5 = 3 =—===125=5
T k] T

x =T7andy=3

3. Giventhat log,(xy*} = 10 and log (x*y*) = 16, find the value of log,, .

log,(xy*) =10 = log x+3log y=10
log,(x*?) =16 - 3log x+2log ¥ =16

10 3
log,x = I:; =2"31:—;“-=;_'?'=4
32
110
log,v = 3_:6 e ol
log, [fF =7 logxy
= $(log,x + log,»)
=34 +2)

-
=2

(532



PAST EXAMINATION QUESTIONS

A particle starts from rest at a fixed point ¢ and moves in a straight line towards a point 4.
The velocity, v ms™, of the particle, 1 seconds after leaving €), is given by v = 6 — 627, Given
that the particle reaches 4 when r= 1n 2, find

(i)  the acceleration of the particle at 4.

(ii) the distance 04, {N2005/P1/6)

(5)3



TOPIC 6 SOLUTION OF QUADRATIC
EQUATIONS

FORMULAE AND IMPORTANT NOTES
1. Iflax—bXex—d)=0thenx=2 or £,

-~ 4 b — dac
2a

2. Ifax*+br+c=0thenx=

WORKED EXAMPLES

1. Find the value of ¢ such that 2%'% 2472 = 524 - |,

233 2402 =5+2-1

28e2W 2202052041 =0

820 - 9(29) +1 =0

(829 —1)29-1) =0

IfFRe29—] =0 If 24-1=0

24 =g=23 24 =1=2°
q =-3 g =0

Ans: g==3or0

2. Solve forxif 9lgx)® = 171gx+2,
9(]g.r)3 =1Tlgr+2
9lgx) —171gx=2 =0
Olgx+1Mlgx-2) =0
IF9lgx+1 =0 Iflgx-2=0
lgx ==t lg x =2
X =774 x =100
~ox=0974 or 100
3. Solve the equation yx=35 + Jx+4 = —'.X%—
Ji=5 +x+a = #,j;r
JE=5)e+4) +(x+4) =45
Jat—x=20 =4] —-x
F-x-20 = 1681 — 82x +x7
8lx =1701
x =21

(6)1



PAST EXAMINATION QUESTIONS

Given that x =g @ is a solution of the equation 10**' — 7(10%) = 26, find the value of a.
(NO7/P2/4c)
Solve the equation 9% + 2(9* ') = 40, (N99/P2/3Db)

(i} Sketch the graph of v =1In x.
(i} Determine the equation of the straight line which would need to be drawn on the graph
of y = In x in order to obtain a graphical solution of the equation x*e*™? = 1.

(N2002/P2/8)
Solve the equation logzx - loga(x—4) =2, (N2003/P2/3)
Solve the equation logis (3x — 1) = log. (3x) + logs (0.5). (N2004/P2/5)
(i) Express the equation 4 — 2** ' = 3 as a quadratic equation in 2%,
(it) Hence find the value of x, correct to 2 decimal places. (N2005/P2/8b)

(6)2



TOPIC7 SIMULTANEOUS LINEAR AND
NON-LINEAR EQUATIONS

WORKED EXAMPLES

1. Solve the equations x* +2xy+ 4% =28 and x + 2y = 6.

x+2y =6-2y=6-x..(i)
x% 42+ 4y =28

wx? e x(20) +(20) =28...(ii)
From (i) and (i), ¥?+x(6-x)+(6-x)" =28

2+ 6x—x? 436 12x+x7 =28 =0

xI-6x+8 =0

(x—2)x-4) =0

Ifx=2, from (i) y=+(6-x)=3(6-2) =2

Ifx=4, iy=d6-4)=1

Ans: x=2,y=2:x=4,v=1

2. Solve the equations ‘L + + =13and ++ % =5,
Lk =13..()
++t =5..4i)
From (i) (3 +5) =57
Tefaw =25... (i)
(i) - (i) & =12
(+-47 =k -

=13-12
=1
R = 1..(iv)
or%—}- =-l..(v)
(i) +(iv) =6
1 = 3..(vi)
x =+

)



From (iidand (vi): 3+

| s
n
R R E R N E )

(i) +(v)

- (vii)

e

From (ii) and (vii) 2+

Solve the equations 7x —4y = 23 and 49x° — 16v* = 1081,
49x% — 1607 = (T — 4 Tx + 4y) = 1081
23(Tx+4y) =1081

Tx+dy =47 ..(i)

Tx-dy  =23..(i0)

() +Gi) 143 =70

x = 5..iif)

From (i) and (iii) 7(3)+4y =47
4p=12

y =3

Ans:x =35, y=3,

PAST EXAMINATION QUESTIONS

EE ]

Find the coordinates of the points of intersection of the line x + 2y = 10 and the curve

27— Ty+x=0. (N9T/P1/1)
Solve the simultaneous equations 3" = 27(3"), lg(x + 2y) = 1g3 + Ig3. (N98/P2/5b)
Solve the simultaneous equations 3x - 2y= L 9 + y=1T7. (N2000/P1/1)
Find the coordinates of the points of intersection of the line y = 2x + 3 and the curve

x4 7 — 4x = 39, (NO1/P1/T)
The line 4y = x + 11 intersects the curve y2= 2x + 7 at the point 4 and 8. Find the coordinates
of the mid-point of the line AB. (N2003/P2/1)
Without using a calculator, solve, for x and y. the simultaneous equations

B 2" =64,
3x (57 =g, (N2004/P1/3)

(mz



TOPIC8 LINEAR GRAPHS

FORMULAE AND IMPORTANT NOTES
. LetAlx; yy)and Blxz, y2)  be the end-points of a line segment,
(i} Distance from 4 10 B = AR
= ‘,"fx| —xa ) ()~ )P

A kay M4

(i} The midpoint of A8 = ( . T3

(iif) The angle of inclination (8) of a straight line is the angle which the line makes with the
positive direction of the axis of x.
The constant 1 (tan 8} is called the gradient (slope) of the line, and m will be positive
or negative according as to whether 8 is acute or obtuse,

Yi-vi
m= 5

The gradient of a horizontal line is zero,
The gradient of a vertical line is infinite,
All parallel lines have the same gradient.
The gradients of two perpendicular lines are negative rec.lp: ocal of each other.
(iv) The equation of the line through A and B: l_‘,: =

(v)  The equation of the perpendicular bisector of AB:

‘.Jl(.r—_t| P lv=m ) = \=r(x —x ) {‘r—,\':]:
y-lsn

or, TX ¥,

2. Ewary pair of values that satisfies the equation of a graph is the co-ordinates of a point on the
graph and conversely.
Every straight line (linear graph) is represented by an equation of the first degree and

conversely.
(iy  Special form: x =a This is a perpendicular line which crosses the x-axis at
{a, D).
The equation of the y-axis isx= 0.
y=h This is a horizontal line which crosses the y-axis at (0, b).
The equation of the x-axis is y = 0.
¥ =mx This is a line through the origin with gradient »1.
xty=a This is a line which intersects both axes at points a unit
from the origin.
(i1} Point-slope form: y =y = mlx—x;) where (x,3 )is a given point and m is
the given gradient of the line,
(iii) Two-point form: ::ij = J.,_;, where {x, vy Jand (x2, y2) are two piven
pomtﬁ;
(iv) Slope-intercept form: y=mx + b where the gradient is m and the line crosses

the y-axis at (0, b).

(8)1



(v)  Double intercept form: FEs v;j =1 where the graph crosses the x-axis at (w, 0) and
the p-axis at (0, b a and b are the x-intercept
and y-intercept respectively.

(vi) General form: Ax + By + C=0where A, B, and C are constants and A4

and B cannot be both zero,
The set of straight lines v = mx + b, where only » is a constant, is a set of parallel lines
which have different y-intercepis for different values of 5.
The set of straight lines » = mx + b, where only b is a constant, is a set of lines through
(0, b) with different gradients for different values of .
The lines Ax + By = C and Ax + By = D are parallel. If C = D, they coincide. Therefore, the
equation of the line that passes through (v, vi) and is parallel to 4x + By = Cis Ax + By = dx,
+ Byy.
The lines Ax + By = C and Bx — Ay = I {or —Bx + Ay = D) are perpendicular to each other.
Therefore, the equation of the line that passes through (x;, ) and is perpendicular to Ax +
By=Cis Bx — Ay = By, — Ay, (or =8y + Ay = ~8x, + An).
The general form Ax + By+ C =0 can be transformed into:
(1} Slope-intercept form:
(i) Double intercept form: =57 + =5

P B
V=X

=1.
If the equations of the four sides or the co-ordinates of the four vertices of a quadrilateral are
known, then the quadrilateral is a parallelogram if any one of the following can be proved:
{i)  All the opposite sides are parallel, i.e. they have equal gradients.
(i) All the opposite sides are equal.
(iii) One pair of opposite sides are parallel and equal.
(iv) All the opposite angles are equal.
(v) The diagonals bisect each other.

If the four vertices of the quadrilateral are (xy, 31}, (x2, ¥2), (vs. v3)  and (xs, ys)

. . . + X Yyt ha + + Vi
successively this amounts to proving lh:ll(JlI T “-2—) = (‘{"Eﬂ‘ == )

The two intersecting diagonals divide a parallclogram into four triangles with equal areas.

A rectangle is an equiangular paralielogram. All the four vertices are right-angled. A
thombus is an equilateral parallelogram. All the sides are equal. A square is both a rectangle
and a rhombus.

The area of a triangle ABC, where A = (x1,31), 8= (ea,p2) and C = (x3.33)

Xy Xz X3 X

is = T xiya 4 xaps # X3y — 2y —x3v2 —xiva|  unitsd

1

raj=

Yioy: ¥ v

The area of a polygon with vertices (xy, w), (xs, 12} (s, ¥i)oolder, ¥oo) and (x, , ya) is
X1 X2 X3 e Xpl X Xy
MioV2 Vi Vag ¥a N1

units®.

ral—
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PAST EXAMINATION QUESTIONS

1.

A line drawn through the point A(4, 6), paralle) to the line 2y = x — 2, meets the y-axis at the
point B.

(i) Calculate the coordinates of .

A line drawn through 4. perpendicular to 48, meets the line 2y = x — 2 at the point C.

(ii) Calculate the coordinates of C. (NOT/PLD)

Solutions to this question by aceurate drawing will not be y
accepted. The points A(-1, 4), B(2, 7), C and X1, 0) are
the four vertices of a parallelogram. The point £ lies on
BC such that BE = %B(.Z Lines are drawn, parallel to the L4
y-axis, from A to meet the x-axis at N and from £ to mect

CDat F.

(i) Calculate the coordinates of C and of E.

(if)  Find the equation of DC and calculate the coordinates of .
(iii) Explain why AEFN is a parallelogram and calculate its area. (N97/P1/15)

N, )

The line 2y + x = 5 intersects the curve 3 4 xy = 6 at the points 4 and 8. Find
(i}  the coordinates of A and B,
(ii) the distance 48. (NOB/PI/1)

Solutions to this question by accurate drawing will not be accepted.

The diagram shows a parallelogram ABCD in which 4 is (8, 2) and B is (2, 6). The equation
of BC is 2y = x+ 10 and .Y is the point on BC such that ALY is perpendicular to AC. Find

(i) the equation of AX, ¥
(ii) the coordinates of X.

Zy=x+ 10 ©
Given also that BC = 58X, find B P
(iii) the coordinates of C' and of D, 2.6 3
(iv) the area of the parallelogram ABCD, ¢ AR, 1) "
(N9B/PI/1T)

Find the equation of the perpendicular bisector of the line joining the point (=5, 4) to the
point (9, -3). (N99/P1/1)

The point P(x, ¥) lies on the line Ty = x + 23 and is 5 units from the point (2, 0). Caleulate the
coordinates of the two possible positions of 2, {N99/P1/9)

(8)3



Solutions to this question by accurate drawing will not be accepted.
The diagram shows the trapezium ABCD in which 4 is
the point (1, 2), # is (3, 8), L2 is (3, 4). angle ABC = 90°
and A8 is parallel to DC.

(i} Find the coordinates of C.

The point £ lies on BD and is such that the area of ACDE
is T of the area of ACDE.

(i) Find the coordinates of £.

The peint F is such that CDFE is a parallelogram.

(iii) Find the coordinates of & and the area of the parallelogram CDFE, (N99/P1/15)

The points A4 and B have coordinates (2, 2) and (10, 8) respectively. Find the equation of the
perpendicular biscctor of AB. (N2000/P1/2)

Points A, 8 and C have coordinates (1, 2), (-2, 6) and (9, 8) respectively.
(i)  Show that triangle ABC is right-angled.
(i1} Calculate the arca of triangle ABC. (NO1/P1/2)

The line joining A(5, 11) and B(0, 1) meets the x-axis at . ¥
The point P lies on AC such that AP : PB=3:2.
(i)  Find the coordinates of P.

A line through £ meets the x-axis at O and

angle PCQ = angle POC. Find

(if) the equation of PO,

(i) the coordinates of (J.

A5, 11)

BB 1)

o |o Q x
(NO1/P1/3)

The line 2y = 3x — 6 intersects the curve xy = 12 at the points P and Q. Find the equation of
the perpendicular bisector of PO, (N2002/P1/9)

Solutions to this question by accurate drawing will not be accepted.
The diagram, which is not drawn to scale, shows a ¥
parallelogram OABC where ¢ is the origin and A
is the point (2, 6). The equations of 04, OC and

y=3x £

/ y=3x-15

CBare y = 3x, y = 4x and y = 3x — 15 e
respectively. The perpendicular from 4 to OC A[E_E,)),__f—*"'/ /
meets OC at the point D. Find 1 /4
(i) the coordinates of C, B and D, A f_«"’,,f yeix
(i) the perimeter of the parallelogram OABC, n e

correct to 1 decimal place.  (N2003/P1/11) g
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The line 4y = 3x + 1 intersects the curve x3 = 28x — 27y at the point P(1, 1) and at the point
. The perpendicular bisector of PO intersects the line y = 4x at the point B Calculate the

area of triangle POR.

The diagram shows a trapezium OQABC, where
(7 is the origin. The equation of O4 is y = 3x
and the eguation of GC is y + 2x = 0, The line
through A perpendicular to 04 meets the y-axis
at # and BC is parallel to AQ. Given that the
length of Q4 is J250 units. caleulate the
coordinates of 4, of Band of C.

(N2004/P2/11)

Solutions to this question by accurate drawing

will not be aceepted.

The diagram, which is not drawn lo scale,

shows a quadrilateral ABCD in which A is

(0, 10), Bis (2, 16) and C is (8, 14).

(i} Show that triangle ABC is isosceles.

The point D lies on the x-axis and is such that

AD=CD. Find

(ii) the coordinates of [,

(iii} the ratio of the arca of triangle ABC to the
area of triangle ACD. (N2005/P1/10)

(N2004/P1/11)
y+2r=0 y=3x
A
C
x
it B TERT
C(8, 14)
A0, 10)
a 7] X

The line x + y = 10 meets the curve y* = 2x + 4 at the points 4 and B. Find the coordinates of

the mid-point of A8,

(N2005/P2/2)

The straight line 2x + y = 14 intersects the curve 2x° — 3 = 2xy — 6 at the poims A and B.

Show that the length of AB is 245 units.

(N2006/P2/5)

Solutions to this question by accurate drawing will not be accepted.

’
D
A
B
a3 6.3)
E(10,5)
0 N —— x

C
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The diagram shows an isosceles triangle ABC in which A4 is the point (3, 3), B is the point
(6, 3) and € lies below the x-axis, Given that the area of triangle ABC is 6 square units,

(i) find the coordinates of C.

The line CB is extended to the point D so that # is the mid-point of CD,

(ii)  Find the coordinates of 1.

A line is drawn from 2. parallel to AC, to the point £ (10, &) and C is joined to £.

(iii)  Find the value of £,

(iv) Prove that angle CED is not a right angle. (N2006/P2/120R)

The diagram shows a trapezium ABCL in which A is

(0, 3), Cis (14, 5) and angle 4BC is 90°. The point [

lies on the x-axis and the point A has coordinates (2, p),

where p is a positive constant.

(1) Express the gradient of A8 and the gradient of BC
in terms of p.

(ii) Hence find the value of p.
(iii} Find the coordinates of .
(iv) Calculate the perimeter of ABCD, correct to 1 decimal place, (SPOB/P2/8)
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TOPIC9 GRAPHS OF LINEAR ABSOLUTE
VALUE FUNCTIONS

FORMULAE AND IMPORTANT NOTES

1. Todraw the graph of v = lmx + B : Draw the graph of v = mx + b, Draw the reflection image
of the portion below the x-axis. Erase the portion below the x-axis.

Graphofp=mx+5b Corresponding graph of y=|mx + b |
(i) A
b
i
0 X X
(ii) ! A
n‘ . ;L .
(iii) y 'Y
\ ,,
0 e ~./
x 0 a x

(iv)

1



(v)

A A

|

(vi)

i b a

(i} I|f(x)| = a then cither f{x)<-a or f(x)=a where a is a non-negative constant.
(1) IF)f(x)|>a then either fix}<-a or f(x}>a .

(i) IF1 )l = a then f(x) = za.

(iv) If1f(x) <@athen —a <f(x) <a.

(v) IlfGl<athen—a<f(x)<a

PAST EXAMINATION QUESTIONS

1.

1=

Sketeh the graphs of 3y = 4x + 2 and 3y = [4x — §| on the same diagram. Solve the
simullancous equations 3y = 4x + 2, 3y = [4x — 8| (N97/P1/17b)
(i)  Sketch the graph of y=In x.

(ii) Determine the equation of the straight line which would need to be drawn on the graph
of ¥ = In x in order 1o obtain a graphical solution of the equation x’¢** = 1.

(N2002/P2/B)
A function fis defined by f:x v [2x -3 — 4 for-2<x<3.
(i)  Sketch the graph of y = f{x).
(ii) State the range of f.
(iii) Solve the equation fix) = =2,
A function g is defined by g txee |2x=3| -4, for-2=x<3
(iv) State the largest value of k for which g has an inverse.

(v) Given that g has an inverse, express g in the form g : x — ax + b, where a and b are
constants. (N2005/P1/11)
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TOPIC10 REDUCTION TO LINEAR

EQUATIONS

FORMULAE AND IMPORTANT NOTES

= bad o=

[

Every equation of the first degree in x and y is a straight line and vice versa.

An equation in x and y that is not of the first degree can often be reduced to the form of
Y=mX+cwhere X and ¥ are interms of x and y and m and ¢ are constants.

A graph of ¥ against X is plotted (i.e. the Y-axis is vertical and the X-axis is horizontal) by
drawing the best-fit line. It should be a straight line.

m is the gradient of the straight line. Its value can be estimated from m= ;:;" . ¢ is the
vertical intercept.

From the values of m and ¢ the values of all the constant in the original equation of x and
v can often be estimated.

PAST EXAMINATION QUESTIONS

(e

(a) The table shows experimental values of two variables x and y.
x 10 1.2 14 16 1-8
¥ 790 560 365 184 09

Using the vertical axis for xy and the horizontal axis for x°, plot xy against x* and obtain
a straight line graph. Make use of your graph to

(i)  express yin terms of x,

(it} estimate the value of x when y = "T”

(b) The equation y = ::.z where ¢ and  are constant,
can be represented by a straight line when xy - xis
plotted against ¥ as shown in the diagram. Find the
value of ¢ and of d. (N97/P2/3)

{a) The table shows experimental values of two variables, x and v.
¥ 05 2.2 4.0 5.9 78
x -7-5 44 31 224 682

It is known that x and y are related by the equation y + 10 = Ak, where A and & are
constants. Using graph paper, plot lg(y + 10) against x for the above data and use your
graph to estimate 3
(i)  the value of A and of &,
(if)  the value of x when y = 0.

(b) Variables x and y are related by the equation

px'+ gy = 1. The diagram shows the straight-line
graph of y* against x* which passes through the
point (%‘ 4

(i)  Given that the gradient of this line is % calculate the value of p and of ¢.
(i1} Given also that this line passes through (&, 4}, find the value of k. {N98/P2/3)
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(a)

(b)

(a)

(b)

{a)

(b)

The table shows experimental values of x and y.
x 15 240 25 30 35
¥ 35 79 176 394 890

It is known that x and v are related by an equation of the form v = AL, where A and £

are constants.

(i) Express this equation in a form suitable for drawing a straight line graph.

(ii} Draw this graph for the given data and use it to
estimate A and k,

¢

(i) Estimate the value of x for which v = 600, 15.9)
The variables x and v are related in such a way that,
when ' is plotted against +'y, a straight line is
obtained which passes through the points (3, 5) and 3.5
(5, 9). Find the two values of y for which x = +,3 .

(NO9/P2/4) o

The table shows experimental values of two variables, x and y.
x 1 2 3 4 5
v 70 64 77 9.3 11-0

Using the vertical axis for xy and the horizontal axis for x°, plot xy against x* and obtain

a straight line graph. Use your graph to

(i} express vin terms of x,

(ii} estimate the value of x when v = A

Variables x and v are related in such a way that, when v — x is plotted against »°, a

straight line is produced which passes through the points A(4, 6), B(3, 4) and

P(p, 4-48), as shown in the diagram. Find y-x

(1) yinterms of x,

(i) the value of p,

(iii) the value of x and of v at the point P.
(N20D0/P2/4)

at

The table shows experimental values of two variables v and y.
X 05 10 2.0 4-0 10-0
¥ 2.2 36 51 65 7-8

ax

It is known that x and y are related by an equation of the form y = <55 Using the
. . . * Al . . .
vertical axis for y and the horizontal axis for ¥, draw a straight line graph of v against

¥ - -

+for the given data. Use the graph to estimate 1

(i) the value of @ and of b, ¥ 7,3)
(ii) the value of x for which y = 3x, @,2)

The diagram shows part of a straight line graph drawn
to represent the equation cx + dy = xy. Find

(1) the value of ¢ and of d, o 1
(ii) the value of y when x=10.2. (ND1/P2/2)
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A rectangle of area y m? has sides of length x m and (Ax + B) m, where A and B are constants
and x and v are variables. Values of v and v are given in the table below.

x 50 100 150 200 250

¥ 3700 11 000 21 600 36 000 53 500

(i) Use the data above in order to draw, on graph paper, the straight line graph of b against
X,

(if} Use your graph to estimate the value of A and of B.

(iii) On the same diagram, draw the straight line representing the equation y = »* and
explain the significance of the value of x given by the point of intersection of the two

lines.
(iv) State the value approached by the ratio of the two sides of the rectangle as x becomes
increasingly large. (N2002/P1/120R)

In order that each of the equations

iy y=alt,

(i) y=Ax,

(i) px+ gy =xy,

where a, b, A, k, p and ¢ are unknown constants, may be represented by a straight line, they
each need to be expressed in the form ¥ = mX + ¢, where X and Y are each functions of x
and/or y, and m and ¢ are constants. Copy the following table and insert in it an expression
for ¥, X, m and ¢ for each case.

¥ X m ¢
y=ab
y=Ax
px+ gy =2y

(N2004/P2/9)

Variables x and y are related by the equation ¥ = a, where @ and n are constants. The table
below shows measured values of x and y.

3 3.5
0] 1.3 | 09

X 1.5 2
¥ 73 | 35

|5
A

13

{1} On graph paper plot Ig v against Ig x, using a scale of 2 cm to represent 0.1 on the Ig x
axis and 1 em to represent (.1 on the lg y axis. Draw a straight line graph to represent
the equation yx" = a.

(ii)  Use your graph to estimate the value of @ and of .

(i1} On the same diagram, draw the line representing the equation v = x* and hence find the
value of x for which x'** = a. (N2005/P1/12EITHER)
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The variables x and v related by the equation y = 107*h", where A and b are constants. The
table below shows values of x and y.

x| 15 | 20 | 25 | 30 | 35 | 40
¥ | 015 | 038 | 0.95| 232 | 5.90 |14.80

2

(i)  Draw a straight line graph of g v against x, using 4 scale of 2 cm to represent 5 units
on the x-axis and 2 cm 1o represent 0.5 units on the 1g y-axis,

(i)  Use your graph to estimate the value of A and of b,

(iii) Estimate the value of x when y = 10,

(iv)  On the same diagram, draw the line representing ¥ = 107" and hence find the value of x
for which 100 % = b, (N2006/P1/120R)

A particle moving in a certain medium, with speed v ms™’, experiences a resistance to motion
of R newtons. It is believed that R and v are related by the equation R = av? + by, where a and
b are constants.

[

5
85

v 5 10 15 20
R 17 45 80 | 138

The table shows experimental values of the variables v and K, but an error has been made in

recording one of the values of R.

(i) Express the given equation in a form suitable for drawing a straight line graph and,
using graph paper, draw the graph for the values given.

Use the graph 1o

(ii) correct the reading of R for which an error has been made,

(iii) estimate the value of a and of b,

In a different medium, R is directly proportional to v and R = 60 when v = 10,

(iv) Draw a line on your graph to illustrate this second situation and use it to find the value
of v for which the resistance is the same in both cases, (SPOS/P1/12)
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TOPIC 11 QUADRATIC GRAPHS

FORMULAE AND IMPORTANT NOTES

s

The general form of a quadratic function is ¥ =ax?+hx+c. One or both b and ¢ may be
Zer10.

Draw a horizontal line segment. This is the x-axis. Label it.

Put y = 0 and solve for x. If there is no real roots go to No. 8. Mark and label the roots (or
root) on the x-axis. They are the x-intercepts.

Draw a line segment perpendicular to the x-axis at the origin 1o form a cross. This is the
-axis. Label it.

Put x = 0 and solve for v. Mark the value on the y-axis. It is the y-intercept.

If a is positive the graph is in the shape of an upright bowl. If a is negative the graph is in
the shape of an inverted bowl. These curves are called parabolas. A parabolic curve is
symmetrical about the vertical line through the vertex of the curve. The vertex is called the
turning point. It is a minimum point if @ >0 and a maximum point ifa < 0.

Join the points of No. 3 and No. 5 with a smooth parabola. The axis of symmetry must pass
through the x-intercept if there is only one, or halfway between them if there are two. The
axis of symmetry needs not be drawn unless asked but the graph must be symmetrical about
it. Write the quadratic function above the graph.

By 'completing the square’ any quadratic function can be expressed as a(x+ 3"’;)3+%
The point (—-f';, e "?) is 8 maximum point if @ < 0 and a minimum point if @ > 0.The
y-intercept is ¢. If b* = dae < 0 the quadratic equation ax® + bx + ¢ =10 has no real root. When
this happens the minimum point and y-intercept are above the x-axis and the maximum point
and y-intercept are below the x-axis.

If #°-dac is zero there is only one x-intercept -3 If it is positive there are two
x-intereepts.

To sketch the graph of lax® + bx +c| : sketch the graph of ax? + bx +¢. Draw the reflection
image of the portion below the x-axis, if any. Erase the portion of the graph below the x-axis.

PAST EXAMINATION QUESTIONS

12

[

Find the minimum value of (x — 2)° - 2 and the corresponding value of x. Sketch the graph of

y=|(x—=2F-2|for0=x<4. (N99/P1/17b)
Draw the graph of y = 3 + [* — Sx + 4, for 0 = x < 5, using a scale of 2 cm to 1 unit along
each axis. Use your graph to find the set of values of x for which y < 5. (NO1/P1/13b)

The function f is defined by f: x = [x? — Bx + 7| for the domain 3 < x < 8.

(i) By first considering the stationary value of the function x = »* — 8x + 7, show that the
graph of y = f{x) has a stationary point at x = 4 and determine the nature of this
stationary point.

(i) Sketch the graph of y = fix).
(iii} Find the range of f.

(1)1



The function g is defined by g: x ~ |x* = 8 + 7| for the domain 3 < x <k,
(iv) Determine the largest value of k for which g exists. (N2004/P2/10)
The function f'is defined for the domain -3 £ x <3 by f(x) = 9(1‘ - l‘)z -11.
(i) Find the range of f.
(ii) State the coordinates and nature of the turning point of
(a) the curve y = f{x),
(b) the curve y = [flx)]. (N2006/1°1/7)
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TOPIC12 QUADRATIC INEQUALITIES

FORMULAE AND IMPORTANT NOTES
. y=ar*+br+c
-t Ber (£ e’

= a(.r-v— L)z + “’:'f’:

|m~h

(i) If @ is positive the minimum value of y is ==, The corresponding value of x is -—z

.. b
(i) If @ is negative the maximum value of y is “jﬂ . The corresponding value of x is =5

2. y=alx—o)(x—PB)wherca>0
(i} v (i)
> X \;/ > X
v >0 for all real values of x. w=p
o and [} are complex numbers. y=0ifx£a
y=0ifx=a
] \ /
a )
yzlifx<aorficx
y=0ifvr<aorficx
y=0ifx=aorx=J
y<Difa<x<fl
y=0ifasy<f
The converse is also true.
+#
vis a minimum when x = ——
3. y=ale-allx-f) wherea<0.

@ /—\ > (i) / ?\ > x
¥ < Ofor all real values of x a=p
cand f are complex numbers. y<Qifr+a

v=0ifx=

12y



(iii)

/N7

yv=0ifyxsaorfic<x
velifv<aorfley
v=0ifx=aorx=f
y>0ifa<x<f
yzlifasxysf

The converse is also true.
¥ is a maximum when x = u—:’"'

(i) IFL0) 2 athen either f(x) <= /@ or f(x)= Ja, where a is a non-negative constant,
(i) IF[f())? > a then either f(x} <= /@ or flx)> Ja.

(i) IF[f()) =athen flx) == Ja.

(iv) IO <athen - Ja <flx) < Ja.

oy If |_fif.\’}|2 zathen-Ja <flx)s fa.

PAST EXAMINATION QUESTIONS

ok e -

Find the range of values of x for which 33 = 5x +4 >3 -1, (N97/P1/4)
Find the range of values of x for which x{10 - x) = 24, (N9E/P1/3a)
Find the range of values of x for which 3(x + 1)" < 16x, (N99/P1/2)
Find the range of values of x for which (2x + 1){(4 - x) > 4. (N2000/P1/3b)

Given that f{x) =2 - 5x -7,

(i)  find the value of a, of b and of ¢ for which fix)} = a(x - b)* - ¢,

(i) state the minimum value of f(x),

(iti} sketeh the graph of ¥ = |f(x)| for =2 £ x < 4.5, indicating on your graph the coordinates
of the stationary point and of the points where the graph meets the coordinate axes,

(iv) calculate the values of x for which |f(x)] = 7, giving your answers to 2 decimal places

where appropriate. (N2000/P1/17)
Find the range of values of x for which x{2x + 5) > 12, (NO1/P1/Ta)
Find the x-coordinate of the point on the line ¥ = 5 — 2x where xy is a maximum.
(NO1/P1/15a)
Find the set of values of x for which (x - 6 > x. y= (25 - 1 ){x~2) (N200O5/P1/1)
Find the value of ¢ and of d for which {x: -5 <x<3]}is the‘solution setof ¥+ ex <d.
(N2006/P2Th)
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TOPIC13 NATURE OF ROOTS OF
QUADRATIC EQUATIONS

FORMULAE AND IMPORTANT NOTES
-bl,lm

2a

For any guadratic equation v=ax’ +bx+c=0x= + b?—~dac is the discriminant of

the equation.

1. If B =4ac<0 the equation has no real roots. It has complex roots.
If b> —4ac>0 the equation has real roots.
(i) If b*—dac=0 the equation has equal (repeated, identical) rools which are equal to

b

Ju*
(i) If b* —4ac>0 the roots are unequal (different, distinct).
(@) If a band ¢ are rational and b? —dac is non-zero and a perfect square, then the
roots are rational.
(b) If b* =dac is not a perfect square but positive then the roots are irrational.

2. The x~coordinates of the points of intersection of the straight line v = my + d and the
quadratic curve y=ax®+by+¢ can be obtained from:
ax? +bx+e=mr+d
Hence av® +(b—mlv+lc—d) =0
Discriminant = (6 —m)” - dale —d)
If the discriminant is negative, the straight line and the curve have no commen point.
If the discriminant is zero, the straight line touches the curve at one and only one point, Itis a
tangent to the curve,
If the discriminant is positive, the straight line intersect the curve at two distinet points.
3. If y=av®+by+c is either positive or negative for all values of x then the equation y =0

)
has no real roots and b° —dae <.

PAST EXAMINATION QUESTIONS

1. Find the value of the constant ¢ for which the line y = 2x 4 ¢ is a tangent to the curve
v =4 = 6x + 11. This tangent meets the x-axis at A and the v-axis at B, Calculate the area

of the triangle OAB, where O is the origin. (N9T/P1/3)
2. Find the value of & for which 2y + x = k is a tangent to the curve 3 + 4x =20.  (N98/P1/3b)
3. The straight line y = 2p + 1 intersects the curve y = x + % at two distinct points. Find the
range of values of p. (NGO/PL/5)
4, Find the value of k for which 8y = x + 2k is a tangent o the curve 2y’ = x + k. (N2000/P1/3a)
5. Find the value of the constant k for which the equation 4x* + &% + 1 = 4(k ~3)x has equal

roots. (N2001/P1/Tb)
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Find the values of m for which the line y = mx — 9 is a tangent to the curve ¥* = 4y,
(N2002/P1/2)

Find the values of & for which the line x + 3v =& and the curve v = 2v+ 3 do not intersect.
(N2003/P11)

Find the values of & for which the line ¥ = v + 2 meets the curve ¥* + (x+ k)7 =2,
(N2004/P2/4)

Find the value of s for which the line v = sy — 3 is a tangent to the curve y = x + 1 and find
the x-coordinate of the point at which this tangent touches the curve. (N2006/P2/Ta)

The equation of a straight line is v = 3 + kr, where k is a constant. Find the values of & for
which this straight line is a tangent to the curve y* = dy + x+ 1. (SPOS/P1/4)
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TOPIC14 ROOTS AND COEFFICIENTS
OF QUADRATIC EQUATIONS

FORMULAE AND IMPORTANT NOTES

1. Afunction of eand Fis symmetric if it rem.u'ns unchanged when crand f are interchanged.
Examples: ar+ 8, af, a* + 7, '."a,b‘ and = o are symmetric functions.

a-f %, o - f and aff are not symmetric functions unless a= f.

(i) If @and fare the roots of a quadratic equation ax® + bx + ¢ = 0, then @+ = —4 and
aff =% . The equation can also be written in the form x* - (e + f) x + aff= 0.
(i) Any qymmclric function of eand ffcan be expressed in terms of a, b and ¢.

Examples: 1, i —"u—,"ﬂ =t e _ b

a@'f+ fra= afa+ = u{—L')_— :

(i1} Let p and g be the roots of another quadratic equation X — (p+g)x + pg=0.If pand ¢
are both symmetric equations of erand ff, then the coefficients of the second quadratic
equation can be expressed in terms of a, b and c.

Examples: Find the quadratic equation of x whose roots are & + ﬁ and a’ff + e
Express its coefficient in terms of a, b and ¢.
Working: sum of the roots of the second equation

= (% l,) +(@fi+ fa)

=2

product of the roots of the second equation
= (7 + ) (@f+ fay
=Bk

s
J'r
=

. The second equation:
xr- (sum of the mots) x 4+ product of the roots =0
-2

=X+ b (@ + ) x+ e =

PAST EXAMINATION QUESTIONS

1. The roots of the quadratic equation 2¢* - dx + 5= 0 are and .
{iY  State the value of &+ Fand of af.
(ii) Find the quadratic equation in x whose roots are f;.- and J-,,L (SPO&/P2/5)
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TOPIC15 EQUATIONS OF CIRCLES

FORMULAE AND IMPORTANT NOTES

1

Equation of circle with centre at the origin and value r

units:
Cav=r
¥, Equation of circle with centre at (a, b} and radius r units:

(x=al+(y-by=r

Equation of circle which passes through the end-points
of a diameter:

y=¥ yi=vi
T—ap T anea

The equation of a circle in a quadratic equation in two variables x and y such that (i) the
coefficients of x and v are equal and (ii) there is no xy term.
Find the centre and radius of a circle whose equation is : & + 2ax + ¥ + 2by = ¢
Working: x* + 2ax+ 3y + 2by=¢
Falar+at+y +2by+ b=t +at+ &
r+al+(v+bP=a+H+
lx= (- + [y + (b)) = Ja* + b* + 7
The centre is (~a, —b) and the radivs is Ja® + b7 + 2,

PAST EXAMINATION QUESTIONS

1.

The eguation of a circle, €, is x*+ 3" —6x— 8y + 16 =0.

(i)  Find the coordinates of the centre of C and find the radius of C.

(ii) Show that C touches the y-axis.

(ili) Find the equation of the circle which is a reflection of C in the y-axis. (SPOB/PLIY)
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TOPIC16 GRAPHS OF y= x" WHERE m
IS RATIONAL

FORMULAE AND IMPORTANT NOTES

We shall first consider cases where m is positive. Let m = n/d where n and d are positive integers
which are either mutually prime (have no common factor except 1) or o is a factor of n (n/d is a
positive integers).

n and  are both odd x nisodd, diseven x>0 nis even, dis odd y >0
and y have the same sign | because d is even because n is even
because n and o are odd

n<d
v =Ee0 as x—0
¥ =0 s x—ates

n=d
v = 11forall x's

n=d
¥ =0 as x—0

N koo a5 y—ydes P f"l' 1

0 X
(-1, 1
If o is a factor of n then
If  is a factor of » then this is a graph of an even
this is a graph of an odd integral power of x, e.g.
integral power of x, e.g. y=a" =4
y=at =t

The graph of y = x™ is the graph of the reciprocal of y = x*.

The graph of y = k™ if k # 1, is the graph of y = x” stretched vertically with the x-axis as the axis
of stretch, and a stretch factor of k. Similarly for the graph of y = k™.

PAST EXAMINATION QUESTIONS

Na questions on this topic in the last 10 years,
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TOPIC 17 GENERAL GRAPH SKETCHING

FORMULAE AND IMPORTANT NOTES

. The following are the most common graphs of some simple functions y = f(x).
.‘I

A A 5
y=x y=x—
. xeR re(RTUR)
0 © veR ye kRt
; — L sy
]
) 'v
A 2 A
y=x° y=a',a>1
xef xeR
yeRr : yeR
x
__,..-/0 X
¥ v
h ye=x y=a'0<a<l
xe R xeER
X VveR yeR
; 0 1
X
0
¥y ¥
L y=x° v=log x ax>1
xeR al— o XER
y= yeR
—w———u—)x
¥ ¥
A
y=x"! 0 y=log x,0<a<l
S x
e— x xe(RTUR) 1 xeR*
—\l yelRTURY) yeR

ani



2. Totransform the graph of f7x) into
(1) Graphof fix) +k:

()

)

(3)

(6)

M
(8)
@

Translate the graph of ffx) vertically & units upward if & is positive and % units
downward if & is negative.

Alternative method: Translate the x-axis of the graph of fix} £ units downward i & is
positive and & units upward i’ & is negative. Relabel the y-axis. (Warning: This will
similarly transformed all the other graphs also. The same applies 10 the following
alternative methods.)

Graphs of fix + k) :

Translate the graph of fix) horizontally k units to the left if & is positive and & units
to the right if & is negative.

Alternative method : Translate the y-axis of the original graph % units to the right if &
is positive and k units to the left it & is negative. Relabel the x-axis.

Graph of —f(x) :

Reflect the graph of f ix) in the x-axis.

Graph of &fix) :

Streteh the graph of f(x) vertically. Scale factor is & and the x-axis remains invariant.
If & is negative the transformation includes a reflection in the x-axis.

Alternative method if & is positive: Multiply the labels on the y-axis by k.

Graph of f(-x):

Reflect the graph of ffx) in the y-axis.

Graph of f(kx):

Stretch the graph of f (x) horizontally. Scale factor is -,'; and the y-axis remains
invariant. If & is negative the transformation includes a reflection in the y-axis.
Alternative method if & is positive: Divide the labels on the original x-axis by &.
Graph of £~ (x):

Reflect the graph of fix) in the line y=x.

Graph of | (x)|:

Reflect about the x-axis any part of the graph of f(x) which is below the x-axis.

Graph of _.-I"fl_rl_:

The graph of f (x) and that of its reciprocal function !—‘l; are related in the following
ways:

i.  For the same value of x they have the same sign.

ii. Both functions equal 1 simultaneously.

iii. Both functions cannot be zero for any value of x.

iv. When one function approaches zero the other approaches infinity.

v.  When one is decreasing the other is increasing and vice versa.

PAST EXAMINATION QUESTIONS

1. The graph of y = k'(x) is a smooth curve passing through the points (1, 03, (1:3, 1), (2, 1-T)
and (3, 2). (i) Draw, on graph paper, the graph of ¥ = i(x) using the same scale on each
axis. (ii) On the same diagram draw the graph of y = hix) for 0 s x < 2. (N9%/P1/17¢)
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TOPIC 18 SIMULTANEOUS INEQUALITIES

FORMULAE AND IMPORTANT NOTES

1.

[

w

Suppose that the graph of 3 = f(x) divides the xy-plane into two half-planes. For every point
in the region above the line ¥ > /(x} and for every point in the region below the line y < £ (x).
For these two graphs :

(i) fG)=gle)ifx<xandxs <x
(i) f)z2glo)ifx<xandxs <x
(i) fix)=glx)ifx=x andx=x;
(iv) f)sglx)ifx; <x<xa

(v) fl)<glx)ifx) <x<x;

v=f1{x)

Gerayn)

For any two functions /(x) and g(x) :

. fix) . y=glx)
(i) If fxy+ glx) = 0or 5> 0 then f(x) and glx) have the same sign.
(iiy If f(x)=glx) <Oor % < 0 then f(x) and g{x) have different signs.

PAST EXAMINATION QUESTIONS

1.

a3

The speed v ms ' of a particle travelling from 4 1o B, at time ¢ s after leaving A4, is given by
v =107 — £, The particle starts from rest at 4 and comes 10 rest at B. Show that the particle
has a speed of 5 ms™ or greater for exactly 4,5 5. (N2002/P1/3)

Giventhate= {x: -5 <x <35},
A= {x: 8> 2x+1},
B={x:x*>x412),
find the values of x which define the set 4 ~ B, (N2002/P2/4)
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TOPIC 19 MAPPINGS

FORMULAE AND IMPORTANT NOTES

1. An ordered pair consists of two elements, say x and y, in which one of them, say x, is
designated as the first element and the other as the second element. It is denoted by (x, ¥).
Let X and Y be two sets and let x be an element of Xand v be an element of 1. If every

x of X appears as the first term of at least an ordered pair of (x, y) we have a mapping from
Xt )

g

Ll

A function £ is a mapping from X to ¥ (f: X+ }) for which each element of X has one
and only one element of ¥ as its image. It is written as f:x = v or v =f(x). vy is called

the image and x the preimage. £ (x) is called the value of the function f at x. X is the
domain of the function and ¥ is the codomain. These elements of ¥ which are the images
of at least one x is the range of the function.

PAST EXAMINATION QUESTIONS

No questions on this topic in the last 10 years.
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TOPIC20 COMPOSITION OF FUNCTIONS

FORMULAE AND IMPORTANT NOTES

1. In f:X = VY, if every element of ¥ is an image of only one element of X then we can form

an inverse function f~' : ¥~ X. If y = f(x) then x=£""(¥) but more usually we first have

x=f(v)and then y=F""(x) .

2. Inthe following n is a constant.
fx): X X+ n X =i H-x
i x x=n x+n n-x

3. filxy=n where n is a constant, is called a constant function.

L
w

ny

4. fixy=xis called an identity function. 1t is denoted by 1.

4+ x i
T X X!

5. W f and g are a pair of functions such that the range of f is a subset of the domain of g,
then the composite of f and g (or the composite of f followed by g) is denoted by gof or gf
where gf (x) = g(f(x)). gf is generally not identical to fg.

6. flef=faf"'=/ifboth f and ' coexist.
7. iof=fel=f
B () =gtef!

9. fHx) =) Itis usually equal to neither (_ru))l nor f (x*).

100 f 2= =) =f s

11, f=f7f"""=f""f"where n and r are positive integer with n > r.

12, lff"=f then f:fn+l=f1u+l=f1|r|1=”_

f: =Jru-1 =f2n+2 =f_§n—2 =...

fr :fln =f3rx =j—-lu =..=]
L f e =aand f'a)) =a

[

PAST EXAMINATION QUESTIONS

1. A function f is defined by f: x1- 5- 5, x#0,

(a) Findf~' and state the value of x for which £ is undefined.

(b} Find the values of x for which f(x) =f'(x).

ra

(a) Show that fz : x> x.
(b} Evaluate f~(5), g”'(4) and ffg(7).

(2001

Functions f and g are defined by f: x— :’%;.x #

(N97/P1/T)

‘g:xH‘E’T_:.L..\'iS.

(N97/P1/17a)



{a)  The function g is defined by g - v+ & — 3x. Find (1) an expression for g'(x) and for
£%(x), (i) the value of x for which g~'(x) = g*(x).
(b) The function t is defined by It : x — ax + b, a # -1, for the domain 0 £ x £ 5. Given
that the graph of v = fi(x) passes through the point (8, 53 and that the graphs of v = /i(x)
and y = /() intersect at the point whose x-coordinate is 3, find the value of @ and of b.
(N98/P1/16b, ¢)
Functions fand g are defined by v — ﬁ, v# 3, g0 11+ by, where v € R, Given
that f*(5) = % and fe(2) = % evaluate a and b. (N99/P1/17a)
(a)  The diagram shows the graph of v = f(x), where f is y
a function with domain -4 £ x £ 6 and range 0 = s
fix) = 3. Make a sketch of the diagram shown and .
add a sketch of the graph of y = '(x). State the LR P L
range of 1. e
(b) The functions f and g are defined for real values of x e
byf:xi=s2r—1,g: v —, wherex = 1. SO

-1 -1

Express (i) fa(x), (i) g'(v), in form of a single -2
fraction in terms of x, stating in each case the value
of x for which the function is not defined.

(¢} The functions { and g are defined for real values of x by f:x = 2%, grxs v -3
Express each of the following in terms of Tand g only.
(1) x=a=6, (i) o= F =6, ([l x (x+ 30 (N2000/P1/1TT)

Functions f and g are defined, forxve R,by f:xt25v-2, g: x> -,ﬁ x# jl

(a) Find the value of g%(2).

Find the value of x for which

(b) f(x)=1"x),

() fa(x)+3g(0)=0. (NOI/P1/13a)

The function {is given by fix— 5 - 3T, xelk.

(i) State the range of 1.

() Solve the equation f{x) = 0, giving your answer correct to two decimal places.

(i1i) Sketch the graph of ¥ = f(x}, showing on vour diagram the coordinates of the points of
intersection with the axes.

(iv} Find an expression for f~'in terms of x. (N2003/P110)

EITHER
Functions f and g are defined for x & R by

frx—3r-2,x= %

gix— ﬁ..\'*l

(i) Solve the equation gf(x) = 2.

(ii) Determine the number of real roots of the equation f(x) = g(x).
(iii) Express f~! and g™ in terms of x.

(2002



(iv) Sketch, on a single diagram, the graphs of ¥ = f(x) and y = '(x), stating the
coordinates of the point of intersection of the two graphs.

OR

(i)  Find the value of a and of b for which 1 ~ x? + 6x can be expressed in the form
a-—(x+by.

A function f is defined by f: x 1 — x>+ 6x for the domain x = 4.

(i) Explain why [has an inverse.

(iii) Find an expression for f~' in terms of x.

A function g is defined by g : x — 1 — 7 + 6 for the domain 2 < x < 7.

(iv) Find the range of g.

{v)  Sketchthe graphof v= |g(x) | for2=x< 7. (N2003/P2/12)
The function fis defined, for x € &, by

fram 2L y23
(i)  Find I'" in terms of x and explain what this implies about the symmetry of the graph of

y=1{(x).
The function g is defined, for x € [, by
gia— -'-%
(ii)  Find the values of x for which f{x) = g™'(x).

(iii) State the value of x for which gfix) =-2. (N2004/P1/8)

The functions f and g are defined forxe Rby  fra—
grx—rx+2,
Express each of the following as a composite function, using only [, g, I andfor g :
i) x— xX'+2
(i) x—x'-2,

(ifi) xo— (x+2)7. (N2006/P2/1)
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TOPIC 21 PARAMETRIC AND CARTESIAN
EQUATIONS

FORMULAE AND IMPORTANT NOTES

1. The set of all points whose positions are determined by a set of given conditions (such as
those specified by an equation) is called the locus of points subject to those conditions.

r2

It is sometimes advantageous to express cach of the x and y co-ordinates of the general point
of a curve in terms of a third variable, called the parameter. The two equations expressing x
and y in terms of the parameter are called parametric equations, It may be possible to obtain
an equation connecting x and y by eliminating the parameter. Such an equation is called a
cartesian equation, or simply, equation.

WORKED EXAMPLES

1. Find the equation of the line (i) through the origin O with gradiemt m, (i) through the
point (0,2) with gradient L. These two lines intersect at P. Find the co-ordinates of P in
terms of m. Write down the equation of the locus of / as m varies.

¥y =mx ..{i)
e )
¥ =42

b 2yt
Lop_2m 2oy
w4 _(Jﬂv‘ by mi-l

From (i), mt =% = (iv)

Equation of the locus of P:

v -x? =12y

@ni
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A curve which is defined parametrically by the equations x = 2 -+ rand y = 8 + 2t — 1> meets
the line ¥ = x -+ 6 at the points 4 and B. find the mid-point of A5,

At A and £: y=x+6
84217 =2+ 146
=2 =0
{l-1) =0

If7=0,x=2+0=2, y=8+2(0)-0"=8
Iff=1x=2+1=3 yp=8+2(1)-12=9
o Mid-pointof 48 = (332, 252) = (24, 84)
3. The parametric equations of a curve are x = %, =2t Find the cartesian equation of the
curve and where it intercepts the y-axis.

. Cartesian equation of the curve is
We—1F =2(x+1)°
Ifx=0,{0-1) =200+ 1)

y=2

.. It intercepts the y-axis at (0, 2).

PAST EXAMINATION QUESTIONS

No gquestions on this topic in the last 10 years.
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TOPIC 22 IDENTITIES

FORMULAE AND IMPORTANT NOTES

1. A mathematical statement that one expression is identical to another for all values of the
variables is called an identity.
2. The expressions are joined by the identity symbol " = ", Very often, the equal sign " = " is
used instead of " =",
3. Itcan be proved that if two polynomials are identical, then the coefficients of the same power
of the variables on both sides of the identity sign must be equal.
e @ X N L A A = b by T By X L+ b
hx+bgthena,=by, ay =0, g, ttea=b 2 o, e =Dy ay = by, ap = by,
WORKED EXAMPLES
1. Giventhat 5327 + 67 + 8 = (Ax + 1)(x - 2)}(x + B) + x — 5C, find the value of A, B and C.
Coefficientof ¥'=5=4
~A=5
Ifx=2, S5=x2+6x24+8=24+12-2)(2+8)+2-5C
72=2-5C
70 =-5C
5C=-70
C=-14
Ife=0, 0+0+8=(1}-20B)+0+70
2B=62
B=3]
Answer A =5 8=31,C=-14
2. Given that a(x + b)Y = x* + 6x + ¢ for all values of x, find the values of a, b and c.

alx+ b= +6x+c
ax’ + 2abx + b= 2% + by + ¢

a=1
2ab=6
2b=06
bh=3
F=c
c=F
=9

Answer:a=1,b=3,¢=9

PAST EXAMINATION QUESTIONS

No guestions on this topic in the last 10 years.
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TOPIC 23 PARTIAL FRACTIONS

FORMULAE AND IMPORTANT NOTES
In this topic, a, b, ¢, d. A, B and C are constant * = " means is identical with. Sometimes the
symbol * =""is used.

1 iy fr
TexsdHexrf)

ax+ b = Alex + f) + Blex + o)
(i) TofindA,letx=-4<
Tofind B, letx = —%
(1) Equating coefficient of x: a = Ae + Be
Equating constant : b = Af'+ 8d
Solve the simultaneous equations for the values of A and B.
(iii)  Alernative method
To find A, let x = -4 in 228

__a B
=avd t oy

ex+f

L arsh

To find B, let x = - in 555
a ar+h A O
= tasdMers £ Tteagtagy

ax+b sAfex+f¥ + Blex +d) (ex + ) + Clex + d)
Tofind A, let x = -4
To find C, let x =%
To find B, use the values of A and Cand letx =10,

aastfe . | B
3. lexrd en+Mgnth) = caed + ex+f

av+ b =Alex+f)(gx+ )+ Blex 4+ d) (gx+ )+ Clex +d) (ex + f)
Tofind A, let v = —%
To find B, let x= ~£
To find C, use the values of A and C and let x =0,

+ g : Iy

ar+h A BrelC
4 Tdiera Sard Yoty

ax+ b =Alex + )+ (Bx + C) (ex + d)
Tofind A, letx = —‘—“-l
Use the value of A and let x =0 to find C.
Use the value of A and C and let x = 1 to find B.

PAST EXAMINATION QUESTIONS

No questions on this topic in the last 10 years.
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TOPIC 24 REMAINDER AND FACTOR
THEOREM, SOLUTION OF
CUBIC EQUATIONS

FORMULAE AND IMPORTANT NOTES

1. A polynomial (rational integral function) 15 a sum of multiples of integral powers of a
variable. The general equation for a polynomial of degree n in the variable xis
S = apx +agx" Va0 4w aax Fag v +ap,
where the coefficients e, @y-1, ete., are constants and 1 is a positive integer or zero. If i is
1,2, 3 then the polynomial flx) is a linear, quadratic, or cubic function respectively.

=]

Dividend = Divisor ® Quotient + Remainder

w

When a polynomial f (x) of degree n is divided by a divisor (x=a), where « is a constant,
then f(x) =(x —a)Q(x) + K, where ((x) is the quotient, a polynomial of degree n—1, and R
is the remainder independent of x. This is an identity which is true for all values of x.
4. The Remainder Theorem:If a polynomial f (x) is divided by (v—a}, where a is any
constant, until a constant remainder independent of x is obtained, this remainder is equal to f
(a).
5. There are two ways to find the remainder f(a):
(i) Substitute @ for x in f(x) and evaluate the resulting expression.
(i) Divide f (x) by (x—a}. This process can be greatly simplified by the process of
synthetic division.
6. Synthetic Division: To divide f(x) by (x—a), arrange in order of descending power of x the
coefficients of f(x), inserting zero for the coefficient of any missing power of x. Write @ on
the left. Write the first coefficient of f(x) to the first position on the third line. Multiply this
first coefficient by a. writing the product in the second line under the second coefficient of
f(x}. The sum of this product and second coefficient is written in the third line. Multiply this
sum by a, add the product to the next coefficient of f(x), again writing the new sum on the
third line, and so on, until a product has been added to the last coefficient of f(x). The last
sum in the third line is the remainder. The preceding numbers in this line are the coefficients
of the powers of x in the quotient, arranged in descending order.

7. Anexample of synthetic division:
Divide 2v =7} + 120+ 1 by x—3.
H2- 7+ 0+ 12+ 1
+ b-3- 9+ 9
2- 1-3+4+ 3+ 10
2t =T+ 120+ 1= (=320 =T =3+ 3) 4 10

8.  The Factor Theorem: If f(a) = R = 0 then (x = a) is a factor of f(x). This also means that
a is a root of the equation f(x) = 0. The other factors and roots, if any, can be found by using
the same theorem on @(x). The converse of the factor theorem is also true.
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10.

If (x —a) is a factor of fix) the constant term of which is ap, then a is a factor of ag.

Divisor: ry—a x+a bx—a by +a

Remainder: fla) fl-a) f(%) f(‘%)

WORKED EXAMPLES

Solve the equation 24" + 3¢ = 1lx-6=0
Ifx=2 2020 +32F - 112 -6 =0

LA 3 - Nlx -6 = (k- 2) (20 + T+ 3)
~

+ T
+ 37
={r =232+ 1) {x+3)
(x=2)(2x+ 1) (x+3) =0

1
x=2-7,-3

Solve the equation x* - 3¢ -2 +2=0
Fa=-l,(=1P-3(=1y\-2-DH+2=0
LA — 2=+ D -4+ )
S
+ 2t
+ 4
-3

frx+1=0r=-l
N e JOSF a0k
Fr-dx+2=0x=—"""55737—"—

4t JE

="
2%

sox=-1,341,0586

=

PAST EXAMINATION QUESTIONS
I

=)

(a) The expressions »' — ax + @ and ax’ + x* — 17 have the same remainder when divided
by x — 2. Find the possible values of (i) a, (ii} the remainder.

(b}  Find the x-coordinate of each of the three points of intersection of the curves v=6x" -5
andy=17x- £

(c)  Find the value of k for which x* - 3x + & is a factor of x* = 527 + 12, (N97/P2/1)

Find the value of k for which x* + (k — 1) + &° — 16 is exactly divisible by x — 3 but not
divisible by x + 4. (NO8/P2/1a)

(a)  Find the remainder when 3.° - x* ~ Sx + 2 is divided by 3x + 2.
(b)  Salve the equation 2% + 1357 + x =70 =0,
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{c)  Given that 3* + 2x = 3 is factor of f{x), where f{x) = 2" + 6 + 2ax® + bx - 3a, find

(i) the value of @ and of b, (ii) the other quadratic factor of f(x). (N99/P2/1)
(a)  The curve whose equation is v = (2x" + 3x — 9)(x — k), where k is a constant, has a

tuming point where x =-1.

(i) Calculate the value of k.

(if) Calculate the value of x at the other turning point on the curve.

(iii) Draw a rough sketch of the curve and find the set of values of x for which y > 0.
(by f(x)and glx) are given by f(x) =" + 37— 127 + 2v + 4, gla) = + ' - B + 4 - 2,

(i} Solve completely the equation fix) - g(x) =0

fi(x) and g(x) have a common factor v - o

(i1} Find the value of o (N2000/P2/1)
{a) The expression 2x* — 5x° + ax + b has a factor of x + 2 and leaves a remainder of 6

when divided by x - 1. Calculate the value of a and of b.

{b) The straight line ¥ = 11.x — 6 intersects the curve y = x*(2x — 3) at three points. Calculate
the x-coordinate of each point of intersection.

{c) Find the value of & for which a — 3b is a factor of a* — 7a’0° + kb, Hence, for this value
of k, factorise a* — Tal® + kb* completely. (NOL/P2/1)

The cubic polynomial f(x) is such that the coefficient of x* is ~1 and the roots of the equation

flx) = O are 1, 2 and k. Given that f(x) has a remainder of 8 when divided by x - 3, find

{1)  the value of &,

(i) the remainder when f(x) is divided by x + 3. (N2002/P2/6)

The expression 4 ax? + by - 3, where a and b are constants, has a factor of x - 3 and
leaves a remainder of 15 when divided by x + 2. Find the value of @ and of . (N2003/P1/3)

Given that 6x° + Sax — 12a leaves a remainder of —4 when divided by x — a, find the possible
values of a. {N2004/P2ITY

The function f{x) = ' — 62 + ax + b, where a and b are constants, is exactly divisible by x— 3

and leaves a remainder of =55 when divided by x + 2.

(i) Find the value of a and of b.

{ii}  Solve the equation f{x) = 0. {N2005/P2/9)

The cubic polynomial f(x) is such that the coefficient of " is 1 and the roots of f(x) = 0 are 1,

k and &, 1t is given that f{x) has a remainder of 7 when divided by x - 2.

(i) Show that k* - 2k° =2k -3 =0,

(ii) Hence find a value for & and show that there are no other real values of & which satisfy
this equation. (N2006/P1/10)

Find the value of @ and of b for which 2x® + x— 1 is a factor of 22" + ax’ + x + b.
(SPO8/P1/5)
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TOPIC 25 PERMUTATIONS AND

COMBINATIONS

FORMULAE AND IMPORTANT NOTES

1.

=

Suppose that an operation can be perform in r sets of ways and that these r sets have no way
in common. If there are iy ways in the first set, na ways in the second set, and so forth, then
there are ny + 1z + ... + n, ways to perform the operation.

Fundamental Principal of Countings: If an operation can be carried out in sy ways and after
this is done another operation can be camed out in n: ways and after this is done another
operation can be carried out 1n n ways, and so forth, then the total number of ways in which
all operations can be carried out is my %y X 1 % ... .

If each of r operations can be carried out in # different ways, there are n' different ways to
carry out all the operations. This is a special case of the Fundumental Principle of Counting.

(i)  An arrangement of all members of a set of n objects in a given order is called a
permutation of the n objects taken all at a time.

(1) The number of permutation of all of n objects is denoted by "P, or n!, called factonal n.

(i) n'=nn-1)n-2)... 3x2xl

(iv) 0!'=1

(i)  An arrangement of any r of n objects, where 0 £ r £ n is called a permutation of n
objects taken r at a time. The number of ways of doing so is denoted by °P,.

(iiy P, =wn—=1Dn=2y .. [n—=(r=2)n-(r-1]

= Taen
(iiiy P, ="Pyy

(1) A combination of n objects taken A0 < n < n) at a time is any subset of relements from
a set of n elements. It is any choice of r of the n elements where order does not matter.
(ii} The number of ways of 4 combinations of n objects taken r at a time is denoted

. n "
variously by : CLC , Cin, 1) ete, We shall use -
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WORKED EXAMPLES

1.

[

In how many ways can 6 different Chinese books, 3 different English books, and 4 different
Malay books be arranged on a shelf is that all the books in the same language come together?
The 6 Chinese books can be arranged in 6! ways.
The 3 English books can be arranged in 3! ways.
The 4 Malay books can be arranged in 4! ways,
Books of 3 different languages can be arranged in 3! ways.
The number of ways the books can be arranged on the shelf = 6! x 3! x 4! x 3!
=022 080 ways

A committee of 6 is chosen from 10 men and 7 women o as to contain at least 3 men and 2
wamen. How many ways can this be done?

. . . 10 7
Number of ways if the committee contains 4 men and 2 women = [ 4 ] x[ 5 ] =4410

] 7
Number of ways if the committee contains 3 men and 3 women = [ 11 ] x[ 3 ] =4200

Number of ways the committee can be formed = 4410 + 4200 = 8610

In how many ways can 4 boys and 4 girls be arranged in a line so that boys and girls are
placed alternatively?

Each groups of 4 can be arranged in 4! ways.

If the armangement is B G B G B G B G, there are 4! x 4! = 576 ways.

The arrangement G B G B G B G B also has 576 ways
2 The number of ways the children can be arranged = 576 % 2 = 1152 ways

There are 4 pigeon holes marked W, X, ¥ and Z. In how many ways can [ arrange 14 different
books so that 5 of them are in W, 4 of them are in X, 3 of them are in ¥ and the rest in Z7 The

order of books in each hole does not matter.

14
5 books can be chosen from 14 for Win [ 5 ] Wiys.
. " 91
14 - 5 =Y. 4 books can be chosen from 19 for X 4 |inways.

9—4 =3, 3 books can be chosen from 5 for Vin [ i ] Ways.

The two books have to be put in Z.

4 (
The total number of ways of arranging the books =[ ]5 ][ 3 ]L : ]x 1 =2522520



PAST EXAMINATION QUESTIONS

13

An art gallery has 9 paintings by a famous artist. 9 sclection of 4 of there are to be shown in
an exhibition. Calculate the number of different selections that can be taken if

(1)
(i)

()

(b)

there are no restriction,

one special painting must be included.

4 of these paintings, including the special one, are selected and exhibited in a line. Find
the number of arrangements of these 4 paintings in which the special painting does
come at either end. (N9O/P2/24c)

The producer of a play requires a total cast of 5, of which 3 are actors and 2 are
actresses. He auditions 5 actors and 4 actresses for the cast. Find the total number of
ways in which the cast can be obtained.

Find how many different odd 4-digit numbers less than 4000 can be made from the
digits 1, 2, 3, 4, 5, 6, 71f no digit may be repeated. (N2002/P2/5)

A garden centre sells 10 different varicties of rose bush. A gardener wishes to buy 6 rose
bushes, all of different varieties.

(i)
(i)
(iii)
(a)

(b)

(a)

(b)

(a)

(b)

Calculate the number of ways she can make her selection.

Of the 10 vaneties, 3 are pink, 5 are red and 2 are yellow. Calculate the number of ways
in which her selection of 6 rose bushes could contain

no pink rose bush,

al least one rose bush of each colour, (N2003/P2/8)

Find the number of different arrangements of the 9 letters of the word SINGAPORE in

which S does not occur as the first letter,

3 students are selected to form a chess team from a group of 5 girls and 3 boys. Find the

number of possible teams that can be selected in which there are more girls than boys.
(N2004/P1T)

Each day a newsagent sells copies of 10 different newspapers, one of which is The
Times. A customer buys 3 different newspapers. Caleulate the number of ways the
customer can select his newspapers

(i)  if there is no restriction,

(i) if 1 of the 3 newspapers is The Times.

Calculate the number of different S-digit numbers which can be formed using the digits
0, 1, 2, 3, 4 without repetition and assuming that a number cannot begin with 0.

How many of these 5-digit numbers are even? (N2005/P2/11)

How many different four-digit numbers can be formed from the digits 1,2, 3,4, 5,6, 7,
8, 9 if no digit may be repeated?

In a group of 13 entertainers, § are singers and 3 are comedians. A concert is to be
given by 5 of these entertainers. In the concert there must be at least 1 comedian and
there must be more singers than comedians, Find the number of different ways that the
5 entertainers can be selected. {N2006/P2/100)
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TOPIC 26 BINOMIAL THEOREM :
POSITIVE INTEGRAL INDEX

FORMULAE AND IMPORTANT NOTES
In the following n and r are non-negative integers and n =r.

1. m=nn-1}n-2)..3x%2x)
m=1

2 (H’) nlp- |Ifrr—1l An-le-11] (nfr)

On the keyboard of calculators, (f) is denoted by nCr. Notice that the numerator has r
factors.

(=t =1
(D=0n)=n
30 G =+ (e ly s (52w s (2 ety 2w (1 Dt (1

n[n—l] -7 wp-1b 2 2 -
L e TRt T 24!

= x" "y +3"
The expansion has (1 + 1) terms.
The general term is vy = (2 )x"y" = (n” XY

4 )= - ( Yy (2t L (= R () ™! +G:)(—_1')"

] 1) -2 -
=x" -yt y+ "t" I "J 2 .+ "‘:1';‘, r‘(—) )" '+tL\{—_\‘)“1 l+(—_‘l-’)”

The expansion has (n + 1) terms which alternate in sign.
The general term is #,1 = (1 )x™ ()" = (<1 (1 )xrryr
=(-1 )'( " " r )x""_\-"
(~1)" equals 1 if risevenand -1 if r is odd.
5. Pascal's Triangle: The following two triangles are equivalent.
@) !
() 1
GXE) 12
GIEEE) N
EEE 14641

ete. etc.
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PAST EXAMINATION QUESTIONS

1.
2,

[

o de

x

Find the coefficient of " in the expansion of (9 + 8x)1 - $)%. (N97/P1/5)
{a) Find the coefficient of x in the expansion of (x* — % ).
(b)  Obtain the first 4 terms in the expansion of (1 + p)" in ascending powers of p. Hence

find the coefficient of x* in the expansion of {1 + 1+ 247 (N98/P1/5)
Find the term independent of x in the expansion of (2x - #]'-‘ . (N99/P1/4)
Find the coefficient of x* in the expansion of (10— 7x)(1 + )% (N2000/P1/4)
In the expansion of (1 = 2x)" the sum of the coefficients of ¥ and ¥ is 16. Given that 1 is
positive, find the value of (i) , (ii) the coefficient of x”, (N2001/P1/5)
Find the first three terms in the expansion, in ascending powers of x, of (2 + x)° and hence
obtain the coefficient of 2 in the expansion of (2 + x ~ x7)®. (N2002/P2/2)
Obtain
(i)  the first 3 terms in the expansion, in descending powers of x, of (3x = 1)%,
{ii) the coefficient of xin the expansion of (3x ~ 1) (2x + 1). (N2003/P2/5)
Given that the expansion of (g + )1 — 2x)" in ascending powers of x is 3 —dlx + b + .,
find the values of the constants a, n and b. (N2004/P1/5)
The binomial expansion of (1 + px}", where n > 0, in ascending powers of x is 1 — 12x +
28p + gx' + ... Find the value of 2, of p and of . {N2005/P2/5)

Given that the coefficient of x° in the cxpansion of (k + .r)(ﬁ - %)n is 84, find the value of
the constant k. {(N2006/P1/6)
(i) Write down the first three terms in the expansion, in ascending powes of x, of (1 + px)’,
where p is a constant.
(i) The first three terms in the expansion of (1 + gx)(1 + px)’, where p and g are integers,
are | — 10x + 15x°, Obtain two equations in p and g and hence find their values.
(SPOB/P1/8)
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TOPIC 27 MATRICES

FORMULAE AND IMPORTANT NOTES

1.

e b2

L

6.

A ma
an up)|

Each
(i)
(i)
(iii)
(iv}
(i)

(ii)

trix is a rectangular array of numbers enclosed by a pair of brackets. It is designated by
per-case alphabet in bold point. Plural for 'matrix’ is ‘matrices’.

number in a matrix is called an element.

A mr % mror "m by n" matrix has m horizontal rows and n vertical columns.
A mn % | matrix has i rows and only one column. 1t is a column matrix.
A1 > n matrix has only one row and » columns. It is a row matrix.

A pr = m matrix has m rows and m columns. It is a square matrix.

Matrices with the same number of rows and columns (same shape) belong to the same
order (type, dimension).
Matrices with all corresponding elements equal are called equal matrices.

QUICK REFERENCE

(i

Let

(ii)

(iii)

(iv}

A+B=B+A

A= [ :rJ:mdB [g ij

w20 007

A-a=[::; 5]

kA= [ ka kb ] This is called scalar multiplication. & is the scalar.

ke kd

—A=%=A:—k=[ '

ik
g m |

The division of a number by a matrix and the division of a matrix by another matrix are not
defined.

QUICK REFERENCE

(i)
(i)
(iii)
(iv)
(v)
i)

A+B=B+A
A+B+C=(A+B)+C=A+(B+C)
k(A+B)=FkA+ B

k(A-B)=kA - kB

(h+ kA = hA + kA, where hand k are scalars,
hkA = h{kA) = (hE)A

@ni



The multiplication of a matrix is possible only when the number of rows in

right-hand matrix is equal to the number of columns in the lefi-hand matrix.
(m > pmatrix) = (1= p matrix) = s # p matrix

Examples of matrix multiplication:

he

iy f(aMe) =(ae)
Gy @(er)=(aear)

(i) ( a b J[ ; ] = (ae + Dg)

(iv) (c.r h)[;i]=(u¢'+!}g uf+hh)

o [tJo-(2)

o (2Jen-(x7)
. a b e | | ae+bg
(vii) [cd][g]_[cc-:-a‘g]

- a b e £} (acsbg af+bh
(viii) cdllgh) | ce+de of+dh

(i) IfAB is possible, BA may or may not be possible.
(ii) 1f both are possible, AB may or may not be equal to BA.

i) [aBC=(a B)c=a(B C) |

Let A be a square matrix, and m and » be positive integers.

(i) A"=AAA . tom factors
(“) Am AT = Amen
(i) (A™)" = A#"

additive identity denoted by O.

A matrix in which each element is zero is called a null matrix or zero matrix. It is

an

(i) AO=0A=0,where A and O must be of the same order.
(i) A+0=0+A=A
(iii) A-0O=A

A square matrix in which each element of the diagonal from left to right (called the principal
diagonal) is unity and every other element is zero is called the unit matrix or multiplicative

identity matrix. It is represented by L
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10
01

(ab (e #% 2=
LetA=| d and B= - = - 2 .
© o ad-bc  ad-be

(i} Itcan be shown that AB=BA =1

{ii) ad — b is called the determinant of matrix A. It is denoted by "det A"

{iii) B= A" is called the multiplicative inverse of A,
A =B is called the multiplicative inverse of B.
Matrices which have inverses are non-singular.

(iv) If ad — be =10, then m,lh_ is not possible. In such a case matrix A has no inverse. It is
said to be singular.

Fora2 = 2 matrix, 1= [ ] Al =TA = A for all A's.

(i) AB = 0 does not necessarily imply that one of them (A or B) must be a null matrix O.
(ii) AB = AC does not necessarily imply thatA=0orB=C.

Study the following before proceeding on 1o No.16.
If AC = B and A is non-singular,
then A"AC =A"'B
IC=A"B
C =A'B
Consider a pair of simultancous lincar equations:
ax+bv=e
ext+dy=1
From them we have

sx=gandy=h

This is possible only if ad — be # 0. If ad — be = 0, then step two, which involves division by
zero, is impossible,

1§ wed — be = 0, the graphs of the two linear equations are either parallel or they coincide. They
have no unique solution.
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PAST EXAMINATION QUESTIONS

[

A company produces 4 types of central heating radiator, known as types . B. Cand D.

A builder buys radiators for all the houses on a new estate.

There are 20 small houses, 30 medium-sizes houses and 15 large houses,

A small house needs 3 radiators of type 4, 2 of type B and 2 of type C.

A medium-sized house needs 2 radiators of type 4, 3 of type C and 3 of type D.

A large house needs 1 radiator of type B, 6 of type C and 3 of type D.

The costs of the radiators are 830 for type 4, $40 for B, $50 for C and $80 for 1,

Using matrix multiplication twice, find the total cost to the builder of all the radiators for the

estate. (N2002/P1/5)
. . . 43 . .
Write down the inverse of the matrix [ 76 ] and use this to solve the simultancous
equations dy+3p+7=0,
T+ by+16=10. (N2002/P2/1)

A small manufacturing firm produces four types of product, 4, 8 C and D. Each product
requires three processes — assembly, finishing and packaging. The number of minutes
required for each type of product for each process and the cost, in § per minute, of each
process are given in the following table.

Number of minutes
- Cost per
Proces Type A B I D minute (8)
Assembly 8 6 [ 5 0.60
Finishing 5 4 3 2 020
Packaging 3 3 2 2 0.50

The firm receives an order for 40 of type 4, 50 of type B, 50 of type C and 60 of type D.
Write down three matrices such that matrix multiplication will give the total cost of meeting
this order. Hence evaluate this total cost. (N2003/P1/7)

Given A= (: f) and B = (_2-. "}, write down the inverse of A and of B.
Hence find

(i) the matrix C such that 2A™' + C=B,
(i) the matrix ¥ such that BD = A, (N2003/P2/7)

2
Given that A=

5 4 ]._ find A" and hence solve the simultaneous equations

x+3v+4=0
“Sx+4y+13=0. (N2004/P2/1)

o 23 )
Itis given that A = [ s ; ] and that A + A™ = &I, where p and & are constants and [ is the

identity matrix. Evaluate p and 4. (N2005/P2/6)
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A large airline has a fleet of aircraft consisting of 5 aircraft of type 4, 8 of type B, 4 of type C
and 10 of tvpe D. The aircraft have 3 classes of seat known as Economy, Business and First.
The table below shows the number of these seats in each of the 4 types of aircrafi.

EIjjss of seat Economy | Business First
Type of aircraft ™

A 300 60 40

5 150 50 2

c 120 40

D | 100 0 0

(i} Write down two matrices whose product shows the total number of seats in each class.
(i1} Ewvaluate this product of matrices.

On a particular day, each aircraft made one flight. 5% of the Economy seats were empty,
10% of the Business seats were empty and 20% of the First seats were empty.

(iii) Write down a matrix whose product with the matrix found in part (ii) will give the total
number of empty seats on that day.

(iv) Evaluate this total. (N2006/P1/5)
. 4 -] . .
Given that A = 392 | use the inverse matrix of A to

() solve the simultaneous equations y—4x+8§=0,
2y-3x+1=0,

)
(if) find the matrix B such that BA = [ 9" _31 ] (N2006/P2/8)
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TOPIC 28 TRIGONOMETRIC FUNCTIONS
FOR THE GENERAL ANGLE

IMPORTANT NOTES AND FORMULAE

1. Inthe first quadrant all the trigonometric functions are positive.

In the second quadrant only sine and cosecant are positive.
In the third quadrant only tangent and cotangent are positive.
In the fourth quadrant only cosine and secant are positive.

2 Any trigonometric function of (n » 907 £ x), where n is an even integer, is equal to the same
functions of x. with the sign depending upon the quadrant in which the angle lies.
Any trigonometric function of (n « 90° £ x), where 2 is an odd integer, is equal to the
co-function of x, with the sign depending upon the guadrant in which the angle lies.
3. Trigonometric 0° 30° 45° 60 90 180" | 2707 | 3600
Functions
sine 0 - J+ _’1 ! 0 -1 0
cosecant Fam | 2 JZ < |1 T | -1 Fo
J3
i 'H 1 L -
cosine 1 RER = ] ] 1 0 1
secant 1 % Jz 2 Foo =) Iw 1
¥
tangent 0 - |1 NET B ] T |0
cotangent Tm J3 = |0 o |0 Too

x Length ofarc . . . ) .
4. The ratio Togmseromee 15 always the same for a given central angle. This ratio is the circular

measure of the angle. Its unit is a radian.

2 radians = 360°, x radians = 180°, r radians = £180°, d degrees = 357 radians.

WORKED EXAMPLES
I, Statethe limits between which B must lie if B is acute and cos 3B is negative,
Bisacute — 0°< B <90° A1)
and 0° < 38 <270°
cos 38 is negative — 90° < 38 < 27(°
and 30° < B <90° (i)
From (i) and (ii), 30°-< B <90°
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Find the value of tan 1020* without using tables or calculators.
tan 10207 = tan (990" + 30%)
=tan (11 * 90° + 30%)
=-cot 307
Since 11 is an odd integer and 1020° is in the fourth quadrant (or the "twelfth" quadrant).
tan 1020°=— /3
3. Given that sin A is 0-6, tan 4 is negative and 0° < 4 < 3607, find the value of cos %A,
sin A > 0 and tan 4 < 0, therefore 90° < 4 < 1807
From the caleulator A = sin™ (0-6) = —36-9° + 180" = 143.1°

cos 141 = cosL(143.19 = 0316

PAST EXAMINATION QUESTIONS

No questions on this topic in the last 10 years.
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3.

(i) Every vertical line through x = £90°, £270°, 450°, ... (or +5
reflective symmeltry.
With these values ol x, sin (x + @) = sin (x — a) for any a.

V= sin a®
450

‘ .
2?0\‘7 20" W T

Symmetry of Cosine Curve

(i) Every vertical line through x = 0°, £]180°, £360° ,
reflective symmetry.
For these values of x, cos (x + ) = cos {x — o) for any a.

y=cosx
— 5407 180 180" 540
(g

—360F] 3600

= ...} is an axis of

. for 0, +7, 427 ..) is an axis of

x

(ii) Every point on the x-axis with x = £90°, £270°, £450° ... (or £, ijT‘, i%
centre of point symmetry.
For these values of x, cos (x — o) = cos (x + o) for any o.

) isa

y=cosx

-450r =2700 00 iy A5 *

To transform the graph of f(x), where f'{x) = sin x or cos x, into the graph of

0 fth:

Translate the graph of [ (x) vertically & units upward if b is positive and b units
downward if b is negative. The amplitude and period are unchanged.

Alternative method: Translate the x-axis of the graph of f (x) & units in the opposite
direction. Relabel the y-axis.
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(i) flx+b):
Translate the graph of /(x) horizontally b units to the left it b is positive and b units to
the right if & is negative,
The amplitude and period remain unchanged.
Alternative method : Translate the y-axis of the graph of #'vx b units in the opposite
direction. Relabel the x-axis.
(i) —fx):
Reflect the graph of f(x) in the x-axis. The amplitude and period remain unchanged.
(iv) Graph ol iy'ix):
Sketch the graph of £ (x) vertically. Scale factor is b and the x-axis remains invariant.
The amplitude is now b but the period remains unchanged.
Alternative method if b is positive: Multiply the label of the y-axis of £(x) by b.
(v) Graphof f(-x):
Refleet the graph of f(x) in the y-axis. The amplitude and period remain unchanged.
(vi) Graph of {"{hx):
Streteh the graph of ' (x) horizontally. Scale factor is + and the y-axis remains
unchanged. The amplitude remains unchanged. The period is <= radian or 22—,
Alternative method if b is positive : Divide the label of the x-axis ofy = (x) by b,
(vii) Graph of |F(x)| :
Reflect about the x-axis any part of the graph of f(x) which is below the x-axis.
(viii) Graph ofﬁf :
The graph of f(x) and that of reciprocal function ‘”'—ﬂ are related in the following ways:
(a) For the same value of x they have the same sign.
(b} Both functions equal = | simultancously.
(¢}  Both functions cannot be zero for any value of x.
(dy  When one function approaches zero the other approaches infinity.
(e}  When one function decreases the other increases.

PAST EXAMINATION QUESTIONS
1. The function fis defined, for 0 <x < 7, by f{x) =5+ 3 cos 4x. Find
(i)  the amplitude and the period of f,
(i) the coordinates of the maximum and minimum points of the curve y = fix).

(N2004/P1/6)
2. The function fis given by f:x = 2+ 5 sin 3x for 0° < x < 180°,
(i)  State the amplitude and period of f.
(ii) Sketch the graph of v = fix). (N2005/P2/4)
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3.

The diagram shows part of the graph of y = asin{hx) + c.
State the value of

___J'
(i) a, muE ZEB
(i) b, H \
(i) . HHo _aéa_;ﬁq; F90° T 120°] x
H A

T
T

I
+_
L

(N2006/P1/2)

The funetion {'is defined, for all values of x, by fix) = 2cos (%) -1

(i)  State the amplitude and period of f.

The function g is defined, for 07 < x £ 3607, by g(x) = 2cos (%) -1.

(ii)  Find the x-coordinates of the point where the graph of v = p(x) crosses the x-axis.

(iii) Sketch the graph of y = g(x).

(iv) Sketch the graph of y = |g (x)]. (SPO8/P2/2)
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TOPIC30 TRIGONOMETRIC IDENTITIES
AND EQUATIONS

FORMULAE AND IMPORTANT NOTES

1. Reciprocal Identities:

sinx cosecx = | cosxsecx =] tanx cotxy =1
2. Quotient ldentities:
SNy Cosy
lanx = ter cotx = 5oy
3. Pythagorean ldentities:
sinx +cos“x = | l+tan’r=see?r 1 4+cot’x = cosec’x
4. Addition And Subtraction ldentities:
sinlx £y = sin xcos y = cos xsin y
coslx +y) = cos x cos y - sin xsin y
cos(x - y) =cos xcos y+sinxsiny  =cos(y—x)
tanx + tany
k) ——
tanlx _'V} 1 ¥ anxiany
5. Double -angle ldentities:

sin2y = 2sin xcosx

Ty = pasde — gind ~ _ _Zianx
Cos Iy = CO5"x —SInTx tan lx = I—tarix
-
=1=2sin"x
=2cos’x-1
Treble-angle Identities:
sin3x = 3sinx - 4sin’x cos 3x = 4cosx—3cosx

7. Half-angle ldentities:

e
und =+ [dogess

4 l4oosx

T C05 .\‘J

Ja* + b* (sin a sinx + cos a cos x) where o= tan™(§)
m Ja® + b ocos(x—a)

Maximum value of asinx + beosx = Ja? + b2

ai - 2 N E— N
- N
8. asinx+bcosx= -\f]ﬂ + b [ Jaiih smmx

This happens when x — a = multiples of 360°.
Minimum value of @ sin x + b cos x = — Ja? + b?
This happens when x — ot = odd multiples of 180°
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PAST EXAMINATION QUESTIONS

Given that sin [} = p where [} is an acute angle measured in degrees, obtain an expression, in

terms of p, for (i) tan (3, (i) sin (907 — [}, (iii) sin (180°+ ). (NOB/P1/8)
Prove the identity (1 + cosec B)(1 —sin 0) = cos 0 cot 0, {NOIB/P1/9)
Given that :.:‘[;:__?, =-% , find the value of tan 4 and tan B. (N9B/P2/4c)

(a) The parametric equations of a curve are x = 3 sina + cos @, ¥y = sin o - 2 cos o.
Express each of sin « and cos @ in terms of x and y. Hence obtain the cartesian
equation of the curve.

(b} The cartesian equation of a curve is (y — 3 = 1 + »°. Given that x may be defined
parametically by x = cot 0, and that y = | when 0 = <, express y in terms of cosec 0.

(N98/P2/8b, ¢)

Show that (tan 8 + sin 0)(1an 0 - sin 0) = @’ sin0, {N99/P1/6)
(a) Show that 4 sin A cos’ 4 — 4 cos A sin’ 4 = sin 44,
(b} The trapezium ABCD is right angled at A and a1 D, A o

and AH is parallel to DC. The acute angle ABC is

6°, AB=10cmand BC = 15em. 10 em o

(i) Express AD and DC in terms of 0, g 15 cm

(i)  Find the value of O for which the perimeter is 45 em.
{c) Given that :’,: Z:g: = 2, find the value of tan A cot 8. (N99/P2/5)
Find the value of each of the constants @ and b for which sinx cos x (Stanx + 2 cot x) = ar +
b sin® x. (N2000/1/9)
Prove that cot 4 + 1an 4 = sec A cosee A. (NOL/P1/4)
Given that sin (4 + B) = 2 sin (4 — B), express tan 4 in terms of tan B. (ND1/P2/5¢)
Show that cos & (',—s]m - ]_41m_f1) can be written in the form & tan Gand find the value of
k. (N2003/P2/2)
Prove the identity cos x cot x + sin x = cosec x. {N2006/P2/2)

Given that p = cos A + sin A, g = cos 4 — sin 4 and that 4 is a measured in degrees,
(i) find the value of p* + ¢°,
(ii)  show that -E' = tan(45" + 4). (SPOB/P1/2)
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TOPIC 31 SOLUTION OF TRIGONOMETRIC
EQUATIONS

FORMULAE AND IMPORTANT NOTES

1. If sin (@x + b) = v and let © = sin”'y be the basic angle obtained from the inverse
trigonometric function key of a calculator, then ax & & = 0 + #3607 or (=8 + 1807) + n360°
where n is an integer.

1

Similarly for cos (ax + )=y
av+ h=0 +n360° or (-8 + 3607 + n360°
3. Iftanlax+bl=y
ax + b =80+ nldr
If solutions are required in radians, 7 and 27 must replace 180" and 360" respectively.
If 0° < x < 360° sin (ax + b) = £y and O = sin"'vis the basic angle, then ax + b = # -8 +
180°, 8+ 1807, —0 + 360° The same is true for cos (ax + &) and 1an (ax + b).
6. Soelve the equation a sin x + b cos x = ¢ where 0" £ x € 360°

Solution: asiny+bcosxv=c

a . b c
—=— SinX+ == COS N =
JaT e JeTTE Jarr it

sin ot sin x +cos o cos ¥ = ===
T

o op = fan! (2
where a=tan™' (7))
coeos (v - o) = ==

Jar s

- L [ —
X =Cos l‘m J+a

).

Notice that there are two values of cos™ (ﬁ
PAST EXAMINATION QUESTIONS

1. Find all the angles, between 07 and 3607, which satisfy the equation (i) 16 sin x — & sin“x
=5 cos’y, (ii) 4 sin y cos v - 3 cos’y = 0, (iii) see( 3 - 18°) +2=0. (N97/P1/14)

[

Find all the angles between 0° and 360° which satisfy the equation (i) 2 cos 2x =4 sinx + 3,

(ii} sin (¥ + 30°) = 3 cos y. (N97/P2/5a)

3. (a) Find all the angles between 07 and 3607 which satisfy the equation (i) 2 sin 2x + 1 =0,
(ii) sec y (1 + tan ¥) = 6 cosec y.

(b) Find all the values of r between 0 and 10, for which cos (£) = 0.6, where & is

measured in radians. (N98/P1/12)

4. Solve the equation 8x* — 2x° — 5x — 1 = 0. Hence find the values of 8, between 0° and 180°,

which satisfy the equation 8 tan’0 — 2 tan 8 — 5 = cot 6. {N98/P2/1b)
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16.

{a)  Solve, for 07 < x < 360°, the equation 4 1an x4+ 8secx=1.
(b} Given the y <4, find the largest value of y such that 5 tan (2v + 1) = 16, (N2003/PL/Y)

{a)  Solve, for 07 = x £ 3607, the equation sin” x =3 cos” x + 4 sin x.

(b)  Solve, for 0 < y < 4, the equation cot 2y = 0.25, giving your answers in radians correct
to 2 decimal places. (N2004/P1/9)

Given that x = 35inf = 2cosB and v = 3cosB + 2sinf),

(i) find the value of the acute angle @ for which x = v,

(it} show that x* + ¥* is constant for all values of 8. (N2004/P2/6)

(a)  Find all the angles between 0° and 3607 which satisfy the equation 3 cos x = 8 tan x.

(b) Given that 4 < y <6, find the value of y for which 2cos(3-) + /3 =0.  (N2005/P1/9)

(a) Solve, for 0" < x £ 360°, the equation 2cotx = 1 + tanx.

(b)  Given that y is measured in radians, find the two smallest positive values of y such that
Gsin(2y + 1) +5=0. (N2006/P1/11)

Find all the angles between 07 and 1807 which satisfy the equation 2 cosx - 3 sin 2x = (),

(SPO&/P1/T)

The diagram shows a rectangle ABCD inside a semicircle, centre @ and radius 4 m, such that
angle BOA = angle COD = 6°, The perimeter of the rectangle is P m.

(i) Show that P = 16cos8” + 8sinf",
(i) Express £ in the form R cos(8° — o). s/—\c

(1) Find the maximum value of P and the i dm
corresponding value of 8. o 5
{iv) Find the value of 8 for which P = 15. A o o (SPOS/P211)
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PAST EXAMINATION QUESTIONS

1. The diagram shows a triangle ABC in which AB = ¢, angle BAC B
= 60° and angle BCA = 90°, The mid-point of BC is D and angle
BAD = x°. Show that

(1) the length of AD is exactly I -,

(i) 2= 60" - tan [ﬂj (SPOS/P1/6)

[

¢

5 N P T

In the diagram above SPT is a tangent to a circle at the point £, The points @ and R lic on the
circle. The line PA is perpendicular to the chord QR and the line RN is perpendicular to the

tangent SPT.

(i) By considering JF as a chord of the circle, find, with explanation, an angle equal to
angle QFPT.

(ii)  Explain why a circle with PR as diameter passes through M and V.

(iti) Prove that the lines MN and QF are parallel. (SPO&/P2/T)
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TOPIC 33 CIRCLES, SECTORS AND
SEGMENTS

FORMULAE AND IMPORTANT NOTES

r=radius d = diameter = 2r
R = radius = perimeter

¢ = circumference o = arc

{1 = angle at the centre A =area

1. Circle c=p=nd=2nr

1
A=narl= Tfrd:

Annulus c=2R+2nr A=aR*—nar?
=2n(R+7r) =n(R?—r?)
=nlR4r)R-r)
.
‘ a
»

=

3. Sector p=2r+a

#measured in degrees :
a= %Zﬁrr = l—::;,-rrr
A=znrt =tar

I measured in radians :
a=rll

A=L,20 = %ur

4. Triangle A=+ x base x height
=+ABxACxsinA
=1ABxBCxsinB

B ¢ =+1BCxCAxsinC
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6.

Minor segment p=a+ chord

. "
=a+2rxsins

. .
A=mars -3

A = Area of Sector — Area of triangle
8 measured in degrees

r2xsin@

8 measured in radians :

Major segment 0 measured in degrees:
p=a+ chord
a - SO0 i

'
e

mr+2r SianJ

A= 3201 xsint= 120 sind)

A = area of major sector + area of triangle

=4 sin 0+ ¥zl
8 measured in radians:
P=(2n-8)r+2rsin '3"
=r(2n—-06+2sin L;)

Chord ey
A==r sinl+

b=t

PAST EXAMINATION QUESTIONS

(=]

The figure shows a circle, centre @, radius 10 ¢m, and a
chord AB such that angle AGE = 1—: radians. Calculate
(1} the length of the major arc ACH,

(ii) the area of the shaded region. (N97/P1/9)

In the diagram, OAB is a sector of a circle, centre O, of
radius 8 cm and angle AOB = 0-92 radians. The line AD
is the perpendicular from A to OB, The line AC is
perpendicular to OA and meets OB produced at C. Find
(i) the perimeter of the region ADE, marked P,

(ii) the area of the region ABC, marked Q. (N9&/P1/10)

The diagram shows a circle, centre O, of radius 10 cm.
The line AC is perpendicular to the radius OA, and the
line OC intersects the circle at B. Given that angle OCA
is 0-5 radians, calculate (i) the length of AC, (ii) the area
of the shaded region, (iii) the perimeter of the shaded
region. (N99/P1/10)

(33)2
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The diagram shows a major segment of a circle, centre
), radius 10 m. The chord AB is of length 12 m.
Calculate

(i)  the perimeter of the segment,

(i}  the area of the segment. (N2000/P1/6)

The diagram shows a sector, AOB, of a circle, centre O,
radius » cm, where the acute angle AOB is 0 radians.
Given that the perimeter of the sector is 14 cm and that
the arca of the sector is 10 env?, evaluate r and 6.
(NO1/PL/6)

In the diagram, OAB is a sector of a circle, centre O and
radius 16 cm, and the length of the arc AB is 19.2 cm. The
mid-point of OA is C and the line through C parallel to OB
meets the arc AB at D. The perpendicular from D to OB
meets OB at E.

(i)  Find angle AOB in radians.

(ii)y Find the length of DE.

{iii) Show that angle DOE is approximately 0.485 radians.
(iv) Find the area of the shaded region. (N2003/P2/10)

The diagram shows a sector COD of a circle, centre O, in
which angle COD = % radians. The points A and 8 lic on
OD and OC respectively, and AB is an arc of a circle,
centre €, of radius 7 cm. Given that the area of the shaded
region ABCD is 48 cm?, find the perimeter of this shaded
region. (N2004/P1/4)

The diagram shows a semicircle, centre @, of radius
8 cm. The radius OC makes an angle of 1.2 radians with
the radius @B, The arc CD of a circle has centre A and
the point D lies on OB. Find the area of

(i) sector COB,

(ii) sector CAD, A
(iii) the shaded region, (N2005/P1/120R)
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TOPIC 34 VECTOR GEOMETRY

FORMULAE AND IMPORTANT NOTES

ad

=]

e

n

o,

~

o

o

A scalar quantity is one which is completely determined by a single number, its magnitude
(size). It has no direction in space.

A vector quantity has magnitude (modulus), in the ordinary algebraic sense, as well as
direction in space. It can be represented by a directed line segment whose direction is that of
the vector and whose length is proportional to its magnitude.

Vectors are usually printed in boldface type:
a  : thevectora
AB : the vector represented in magnitude and direction by the directed line segment AB.

The magnitude of vectors are denoted by modulus signs :

|a] : the magnitude of' a

| AB|: the magnitude of AB

In writing and printing, &, 4, a, AB, AB, AB may be used to represent vector and @, AB,

lel, 145 may be used to represent magnitudes.

A zero vector (null vector) has zero magnitude and no specific direction. 1t is represented by

a point and symbolised by 0. When it is added to any other vector the vector is unchanged.

AB +0=AB.

(i) Triangle Law : The sum (resultant) of any two vectors (called components) of the same
kind represented by AB and BC is a vector represented by AC.

(ii) Parallelogram Law: The sum of two component vectors AB and AD drawn from any
point A is represented by the diagonal AC of the parallelogram ABCD.

(iii} Resultant by rectangular resolution : If 4 = (0, 0), 8 = (xy, 3 ), € =(x2, y2) then AD,
the sum of AB and AC has its terminal point (terminus) at (x; +x2,)1 +y2)

The Polygon Law: A set of three of more vectors may be added by forming a sequence in

which the vectors are placed tip-to-tail in any order. The vector joining the unattached tail 1o

the unattached tip is the resultant.

A veclor can be resolved into any number of n components, where » is a positive integer,

in infinite number of ways, by drawing a polygon of (1 + 1) sides according to the Polygon

Law.

Addition of vectors is both commutative and associative :

(i) a+b=b+a,

(i) a+b+e=(a+b)+c=a+(b4c)

A vector which has the same magnitude and parallel to AB (or «) but is of the opposite sense

is called the nepative of AB. It is designated as —-AB (or —a). AB +(-AB)=0. -AB=BA.

‘The subtraction of vectors is defined as the addition of their negatives :

(i) a-b=a+(-b)

(i) a—a=a+(—a)=0.
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PAST EXAMINATION QUESTIONS

1.

=

Thc diagram shows the parallelogram OABC. Given that A
04 = 3i *jand tht oC = 4i-2j,
(i) find OB. e :
(1) use a scalar product to find the acute angle between I
the diagonals of the parallelogram. (N97/P1/8)
The position vectors of the points 4, & and €, relative to 4

an origin @, are a, b Hud a + 2b respectively, AR Hnd oc y c
meet at D, where 42 m =pand 5= P q. Express ()D in ‘
terms of (i) a, b and p, (ii}a, b 'uu:l g. Henee cvaluntc\p

4 7
and g. Given that a = P k=0 and that b = 1 J

find the value of k for which angle QDA = 90°. a
(N97/P1/16)

(a) Given that a =[ T ] b =[ ;5 ]aml ¢= [ » ': 3 J_. find (i) the value of a * b, (ii) the
angle between a and b, (iii) the value of p for which b and ¢ are perpendicular.

(b} The position vectors of the points L, Af and N, relative to an origin O, are d, e and 2d +
2e respectively. The point P lies on LM and is such that ﬁ’ = %ﬁ? The line (P is
produced to meet the line LA at 0. Given that HQ) = ;3;’7 and that !_é = ;ﬁ\'{ express
HQ in terms of (i} &, d and e, (ii) p, d and ¢. Hence determine the value of & and of

(N98/P1/15)

Relative to an origin () the position vectors of llc'_ po]:l;s P and Q are 3i + j and 7i - 15)

respectively, Given that R is the point such that 3PR = RQ, find a unit vector in the direction

OR. (N99/P1/3)

- . . .. 4 k
The position vectors of points P and @ relative o an origin O are [,} ]and [4]

—
respectively. Given that OF is perpendicular to OP, use a scalar product 1o find (i) the value
-8
6
. — - —
Given that X is a point on R such that RY = JLRP, (iii) express OX as a column vector in
—r -
terms of L. Given also that X = pOg, (iv) find the value of 2 and of p. (N99/P1/16)

of k, (i) the angle OQP. The position vector of the point R relative to the origin O is

(a)  Find the positive value of p for which 0-6i + pj is a unit vector.
(b} The vector 3i + 4j is parallel to the vector a + 3b, where a = gi — jand b =i + ¢j. Find
the value of g. (N2000/P1/16)
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7. Solutions to this question by accurate drawing will not be accepted.

(a)

(b)

(b)

. e d 8 o4 12
The four points @, A, 8 and D are such that Od = [ 4 ] an =[ ] and

—* d
oD = [ 3:3]‘

(i)  Show that @, 4 and B lie on the same straight line.
—y >
(ii) Find the value of d given that [4D| = |BD|.
The position vectors of the points P and @ relative 10 an origin @ are p and g
- Tox
respectively. The point R is such that OR = 207 and the point § is mid-point of PQ.
— —
(i} Express R0 and OF interms of pand q.
- = — =
RS is produced to meet O produced at the point T so that §7' = ARS and 0T = p0OQ .
—
Express 5T in terms of (i) &, p and q. (ii} p., p and q.
Henee find the value of 2 and of | (N2000/P1/16)

Points 4, B and C have positive vectors a, b and ¢ o
respectively, relative to an origin . The point P

lies on BC such that B : PC = 1 : 2. The point O .
lies on AP produced such that AP : PO = 1: 2. Find,

in terms of a, b and ¢,

-
(i) or.

A
i) 00. €

— —
Show that CQ is parallel to 4 5.
The point 4, B, C and D, shown in diagram, are the vertices of a parallelogram ABCD.,
The positive vectors of A, B and C, relative to @, are 3i + 4j, 2i + j and 5i + 2j
respectively. Find

" - g R
(iy AC, A,
(i) BD,
— .c
(i) OD. 5,
Ol x

The point A" is the reflection of 4 in the x-axis,
(iv) Show that the points A", C and I are collinear and find the ratio A'C : CD.
(NOL/P1/14)

(34)4



TOPIC35 VELOCITY VECTO

I

FORMULAE AND IMPORTANT NOTES

2,

In elementary problems on velocity vectors, the earth i1s assumed to be stationary.

The velocity of a moving object P relative 1o the earth can be denoted by Vi, or simply, Ve,

It is the “actual” velocity of P as measured by an observer who is not moving relative to the
earth.

(1) Vpe is a vector quantity. It must be specified by its direction and magnitude (speed).

) ) — —

The magnitude of Ve is Ve In written form they can be denoted by Vpg and Il’pg[

respectively.
(1) Example: Ve — on a bearing of 060°
35 kmh!
Vo =— 33 kmh*

V. is the velocity of P relative to (2. It is the velocity of P as measured by an observer at 0.
(i)
Ve Vor Vi Y

Vm \"ru
VI'U = Vrr. - ‘!QI'. vI‘O = v[‘E - VOIZ

(ii) \-"ro = —-\"op ar \’up = —\"w

V..Q + VQR = V;.k

The sum of the velocity of P relative to Q and the velocity of Q relative to R is the velocity
of P relative to R,

(i) The position vector of  relative to P is the vector PQ (maybe written as PQ). lis

—
).

magnitede is PQ (maybe written as | PQ
(i) PQ=-QFP

Do not confuse position vecior with velocity vector, Do not confuse distance or displacement
with speed.

(i} If Vpg is in the same direction as PQ, or Vgp is in the same direction as QP, then and
only then will the two moving object P and Q intercept each other.

(i) If Vg is in the same direction as QP, or Vg is in the same direction as PQ, then the
two moving objects P and Q are moving away from each other.
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PAST EXAMINATION QUESTIONS

1.

=

An aircraft leaves A to fly to B which is 100 km due North of A. The B
pilot sets a course due North but after 15 minutes he realises that, |
owing to a wind blowing from due East, the plane 15 al a point C, i
where C is 65 km from A and 16 km West of A. Find (i) the speed, in 1100 kim
km h', of the wind, (ii) the speed, in ki h'', of the aircraft in stifl c]-b- L-“:.:
air, (iii) the course the pilot should have set from A order o have

arrived directly at B, Find also the course the pilot should set from C
in order to fly directly 1o B and, in this case, the time, 1o the nearest
minute, taken for the journey from A to B. (N9T/P1/13) A

65 km

Aberdeen is 750 km due north of London, A plane, whose speed in still air is 480 km h™!,
flies direetly from London to Aberdeen in a time of ]%huur.\a. There is a wind of 80 km h™'
blowing from a direction whose bearing is (7 + 180)°, where 0 < # < 90.Find

(i) the value of 0,

(11} the direction in which the pilot heads the planc.

On the return journey next day, the wind speed is still 80 km h™'but its direction is now from
the north-cast. The plane leaves Aberdeen at 0800. Assuming that the speed in still air is
again 480 km h~", find

(iii} the direction in which the pilot must head the plane,

(i) the expected time of arrival in London, (N2000/P2/10)

A plane, whose speed in still air is 500 km Iv*', flies from a point A to a point B, 1560 km due
north of A. Because of the action of a constant wind the plane must head in a direction whose
bearing is 009, Given that the flight takes 3 hours,

(i) show that the speed of the wind is approximately 82.5 km h',

(i1} find the bearing of the direction from which the wind is blowing.

On another occasion the wind, whose speed is now 90 km h™', is blowing from a direction
whose bearing is 120°. A second plane, whose speed in still air is 375 km Iv', flies from A to
a point C which is due cast of A, Given that this flight also takes 3 hours,

(iii) find the distance AC. (N2001/P2110)

At 1200 hours, ship P is at the point with position vector 50j km and ship  is at the point
with position vector (80§ + 20j) km, as shown in the diagram. Ship P is travelling with
velocity (20i + 10§) km h™ and ship @ is travelling with velocity (- 10§ + 30§) km ™",

(i)  Find an expression for the position vector of ¥y
P and of @ at time 1 hours after 1200 hours.
(i) Use your answers to part (i) to determine the P(0,50)
distance apart of P and @ at 1400 hours.
(iti) Determine, with full working, whether or = (J(80,20)

not P and @ will meet.  (N2002/P1/10)

o x

In this question, i is & unit vector due east and j is a unit vector due north,

A plane flies from P to Q. The velocity, in still air, of the plane is (280i - 40§) km h™" and

there is a constant wind blowing with velacity (30i — 70§) km h™". Find

(i) the bearing of ¢ from P,

(i) the time of flight, to the nearest minute, given that the distance P is 273 km.
(N2003/P1/6)
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A motor boat travels in a straight line across a river which flows at 3 ms™' between straight
parallel banks 200 m apart. The motor boat, which has a top speed of 6 ms™ still water,
travels directly from a point A on one bank to a point 8, 150 m downstream of A, on the
opposite bank. Assuming that the motor boat is travelling at top speed, find, to the nearest

second, the time it takes to travel from A 1o B. (N2004/P2/8)
B
T 2ms!
Hm —i—
l :
A

The diagram shows a river 90 m wide, flowing at 2 ms"' between parallel banks, A ferry
travels in a straight line from a point A to a point 8 directly opposite A. Given that the ferry
takes exactly one minute to cross the river, find

(i)  the speed of the ferry in still water,

(it)  the angle to the bank at which the ferry must be steered. {N2006/P2/4)
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TOPIC 37 QUOTIENT RULE

FORMULAE AND IMPORTANT NOTES

 fx)  g)ef ) - fladeg'(x)
et gix) — [.2(!”: —

WORKED EXAMPLES

1. Calculate the gradient of the curve y = ,J” at the point where x = 3.

A oxted  A2vs IHIvh- iyt e 22

dt re b T (417
_ v 6+ 1Ne)-(9+212
Ifx=3 e
_n
=9
S5
2. Differentiate with respect tox L
o v _(Feaes(E)
Tl (E 1)
R S

Tt TE

—
E(Ey

Sx-2

3. Differentiate with respect tox, 57—

o Se—2 (3 135 (8x - 2)he)
de 3t T (3x2 = 1)*
_ 15xr -5 3t 4 g2y
[ESETY

15c -
[T

PAST EXAMINATION QUESTIONS

1. Find the value of k for which £-(353) = 5. (N97/P2/6b)
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TOPIC 41 IMPLICIT DIFFERENTIATION

FORMULAE AND IMPORTANT NOTES

d
Lxp=xg+y orly) =x'+y

. el g B

W ST Ry

v (LY or 3 =t
e m\mjory = v}

—(‘—)—IT 3 ﬂ._' or {xy b} =xp" 4y

PAST EXAMINATION QUESTIONS

1. Find the gradient of the curve y* = x* + 2xy + 8 at each of the points where x = 2. (N97/1"2/6¢)
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TOPIC 42 TANGENTS AND NORMALS

FORMULAE AND IMPORTANT NOTES

1.
2,

The equation of the tangent to the curve f(x) at the point Oy, yidis y=vy = f'(x) % (x=x).
The equation of the normal to the curve at (xy, ¥ ) is (v =¥ )% F{x) = —(x - x)

PAST EXAMINATION QUESTIONS

1.

[

ah

&

th

&

~

b

=

The gradient at any point on a particular curve is given by the expression x° + :—“ where v >
0. Given that the curve passes through the point P(4, 18), find (i) the equation of the normal
to the curve at P, (ii) the equation of the curve. Find the coordinates of the point on the curve
when the gradient is a minimum and calculate this minimum value. (N9T/P1/12)

. . . o § .
A curve has the equation y = ,_—",_r Find an expression for .T.:- Hence find (i) the equation of
the normal to the curve at the point where x = 2, (ii) the approximate increase in y as x
increases from 2 to 2 + p, where p is small. (N98/P1/4)

Find the equation of the tangent to the curve y* = ¥’y + 6 at the point (2, 6). (N98/P2/6b)

The gradient at any peint (x, ¥) on a particular curve is given by % =1+ % The equation
of the tangent at the point P on the curve is v = 3x + 1. Given that the x-coordinate of P is
positive, find (i) the coordinates of P, (ii) the equation of the curve. (NO9/PL/T)

Find the equation of the tangent to the curve y = x? — 6x + 25 at the point ({), 5).
(N99/P2/6b)

: . n o . .
The equation of a curve is y = 7757 . Find the equation of the normal to the corve at the point

where x=3. (N2000/P1/8)
Find the equation of the tangent to the curve xy + x* = 2y at the point on the curve where
x=1. (N2000/P2/8a)

The point P lies on the curve ¥ = a7 — 3x + ¢, where ¢ is a constant. The equation of the
tangent to the curve at P is v = 5x + 3. Find the equation of the normal to the curve at P,
{(NOL/PL/10}
L+d

Find the equation of the normal to the curve y = <=7~ at the point where the curve meets the
X-XIS. {NO1/P2/3b)

The diagram shows part of the curve y = 2_,'_';' crossing the x-axis at P and the y-axis at Q.

The normal to the curve at P meets the y-axis at R.

. . dv L ¥y
iy Giventhat 3y = ==

(ii)  Find the length of RQ. (N2002/P1/11) R

0 H
K

L evaluate k.
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A curve has the equation y =

. . . o . x )
(i) Obtain an expression for _1—1 and hence explain why the curve has no wming poinis.

The curve intersects the x-axis at the point P. The tangent to the curve at P meets the y-axis
at the point Q.
(i1}  Find the arca of the triangle POQ, where (@ is the origin. (N2006/P1/9)

@22



If x =09
V=09 14 x 0.9~ 10)

= {-0.1)(-6.4)
<0
If x =1.1
Pl - 1Yid =10 - 10)
=0.1°(-5.6)
<f}

- (1, 0) s a point of inflexion on falling curve.

y =(25- 1(2.5-3)
=1.5%-0.5)
=-1.6875

¥ =Ale = D)+ (- 25800 - D)
=4[(x— 1F + 2~ D= 2.5))
=4[(2.5- 1F+2A2.5-1)25-25)]
>0

s (2.5, —1.6875) is a minimum terning point.

v

v=(r-1}x-3)

(2.5, -1.6875)

PAST EXAMINATION QUESTIONS

A circular cylinder, open at one end, is constructed of thin sheet metal whose area is
4327 e’ The eylinder has a radius of r cm and a height of h em. (i) Show that the volume,
V em’, contained by the cylinder is given by V = 3(432r — r*). Given that r can vary, (ii) find
the value of r for which Vis stationary, (iii) evaluate the stationary value of V and determine,
with working, whether this value is a maximum or a minimum. (N9T/P1/13)

(@) Find the coordinates of the stationary points on the curve y = 27 + 12x + 3% — 2¢* and
deduce the nature of each of these points.

(b} A hollow closed rectangular tank is made from sheet metal of negligible thickness. The
tank has length 2x m width x m amd a total external surface area of 48 m®. Express, in
terms of x, (i) the height of the tank, (i} the volume of the tank. Given that x can vary,
find the dimensions of the tank for which the volume is 4 maximum. (N9B/P1/14)
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Find the range of the function f: x 15 4 8y for the domain 1 € x < 3. (NIB/P1/16a)

Two flower beds, one a circle of radius r m, the other a square of side x m, are planned for a
large garden. To protect the young plants the two beds are to be surrounded by wire netting;
the total length of wire netting to be used is 40 m. (i) Express x in terms of r and w. The
combined area of the two flower beds is A m™ (i) Show that A = $(4 + ) — 107 + 100.
Given that r may vary, (iii) find the value of r corresponding to the stationary value of
A, (iv) show that, when A is stationary, the side of the square is equal in length to the
diameter of the circle, (v) determine whether the stationary value of A is a maximum or a
minimum. (N99/P1/11)

Show that the curve ¥ = ¢ — ¢ has no wming points. Tabulate the values of ¢* — ¢ for

values of x from x = 0 to x = 2 at intervals of 0-3. Hence draw, on graph paper, the curve

v=¢'— ¢ for 0 € x £ 2. Use your graph to solve the equation e* — 1 = 3¢'. (N99/P2/3c)

(a) A circular cylinder, open at one end, has radius r cm and external surface area 27x cm?
(i) Show that the volume of the cylinder, Vem', is given by V=5(27r - r%).

(i1) Given that r can vary, find the stationary value of V and determine whether this
value is a maximum or a minimum.

(b) The diagram shows the rectangles PORS and e R
PXYZ where XO=5cm, PZ=xcm, Z5=3cm |
and the area of PXYZ is 60 cm®. 5|""‘
(i)  Show that the area, A em?, of PORS is X ¥
given by A = 5x + 75 + 2 Given that x
can vary, xem dem
P 7 5

(if) find an expression for —‘ﬂ-,
(iii) show that when A takes its minimum value the rectangles PORS and PXYZ are
similar. (N2000/P1/14)
The diagram, where all dimensions are in metres, shows a rectangular wall with 8 rectangular
windows, each x m by y m, set 2 m apart and 2 m from the boundaries of the wall.
Given that the total area of the 8 windows is 240 m?,
(i)  show that the area, A m?, of the brickwork, T F
shaded in the diagram, is given by
A=60+22 1 24x,
Given also that x and y vary, find
(ii) the value of x and of y for which A is a minimum.

(iii) the minimum value of A. (NO1/P1/15b) 41 B

EITHER

The diagram shows a greenhouse standing on a
horizontal rectangular base. The vertical semicircular
ends and the curved roof are made from polythene
sheeting. The radius of each semicircle is r m and the

length of the greenhouse is I m. Given that 120 m® of
polythene sheeting is used for the greenhouse, Tm
express [ in terms of r and show that the volume, rm

3

Vm?, of the greenhouse is given by V =60r — 5
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TOPIC 44 DERIVATIVES AND
GRAPH SKETCHING

FORMULAE AND IMPORTANT NOTES
To sketch the graph of f(x.v)=0:

1. Puty=0and solve for x. Plot the x-intercepts.

2. Putx=0and solve for y. Plot the y-intercepts.

3. Find where the graph is above the x-axis (3 > 0) or below the x-axis (v < 0).

4. lf%l = 0 the graph is a rising curve. [f% < 0 the graph is a falling curve.

ER % = () the point is cither a turning point or a point of inflection on horizontal tangent.

6. Where the gradient is infinite, the tangent at that point is parallel to the y-axis.

7. Mark any point whose co-ordinates are either given or can be calculated if necessary. Now

join this peints with a smoath curve but do not cross points of discontinuity.

PAST EXAMINATION QUESTIONS

No questions on this topie in the last 10 years.
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TOPIC45 DERIVATIVES AND

PARAMETRIC EQUATIONS

FORMULAE AND IMPORTANT NOTES

=

Let the parametric equations of a curve be x = (1) and y = g(r). The gradient of the curve at
any point with parameter 7 is I::—l = Lot} 4-fin).

A oip)
e &

£4lr)

The equation of the tangent to the curve at this point is y—glr} =

* [x=finl.

)
o Lo
The equation of the normal to the curve at this point is [y - g(r)] x % ==[x=fr)].
&

PAST EXAMINATION QUESTIONS

a2

The parametric equations of a curve are x = 4r + % v =2t~ 5 Find (i} an expression for ‘:‘_:-}
in terms of «, (i) the coordinates of the point at which the tangent to the curve at (13, -3)
meets the x-axis, (ii1) the coordinates of cach of the points on the curve at which the tangent
to the curve is parallel to the y-axis. Find also (iv) the value of r at each of the points of
intersection of the curve with the line x + v = 16, (v) the cartesian equation of the curve.
(N9F/P2/8)

In terms of the parameter 1, the equations of a curve are x = £ — 1, y = 2r + 1. (i) Find the
value of 1 at the point P on the curve where the gradient is "T (i1) Show that the equation of
the normal at P is 2y + 5x = 44. (iii) Find the value of r at the point where the normal at P
again intersects the curve. (N98/P2/8a)
(a) The parametric equations of a curve are x = £ + 67 + 10f, y = 37 + 121 + 5. (i) Show that
the normal to the curve, at the point where 1 = 0, passes through the point (6, 0). (i} Find the
value of r at each of the points where the line v — 2y + 10 = ( intersects the curve. (b) The
parametric equations of a curve are x =2 sin 0 -1, y =2 cos 20, for -5 <0< 4. (i) Find the
gradient of this curve at the point where this curve intersects the y-axis. (i) Find the value of
« and of b for which the cartesian equation of this curve is y = 1 +ax + b, (N99/P2/8)
The parameltric equations of a curve are x =4 + 1, y = 1 + /. The line y = x intersects the
curve at points A, B and C. The coorinates of A are negative and B lies between A and C.
(i) Find the coordinates of A, B and C. (ii) Show that AB = 8C. (iii) Obtain an expression for
% in terms of r. (iv) Show that the tangent 1o the curve at A is parallel (o the tangent at C and
find the equation of each of these tangents. (v) Given that the tangent at A meets the curve
again at the point D, find the value of 1 at D. (vi) Obtain the cartesian equation of the curve.
{N2000/P2/2)

The parametric equations of a curve are x = —df + 5, y = + 4.

(i) Express :I—L‘, in terms of 1.

A is the point on the curve where £ = 1. The tangent to the curve at A meets the x-axis at B,
(i) Find the area of triangle AOB, where O is the ongin.
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TOPIC 46 SMALL INCREMENTS AND

APPROXIMATIONS

FORMULAE AND IMPORTANT NOTES

1.

Let Ax and Ay be the change in the value of x and the change in the value of y respectively.
They are to be positive if the change is an increase and negative if the change is a decrease.
They may also be written as dx and Jy.
. . v
If Ax is small then (i) Ay=—7 X Ax
R N
() = F x5
v
(Gif) fla+ Ax) = fle) + 50 x Ax
(i) A percentage change of p % in x means Ax = p% x or 5 = p% .
. . Ay
(i) A percentage change of ¢ % in v means Av=g% yor — =g¢% .
(ii)  Ifa small change of p% in x causes a change of Q% in y, then,

o o v opes
from No.2 (i) g% ~ - x—— .

PAST EXAMINATION QUESTIONS

1.

. . . . . P

A curve has the equation y = [t_-f:T where ¢ is constant. (i} Obtain an expression for j

(i) When x increases from 1 to 1 + p, where p is small, the corresponding change in y is
. ~Ep .

approximately T“ Find the value of ¢. (N97/P2/6d)

Use caleulus to determine, in terms of p, the approximate change in the radivs of a circle
when the area of circle increases from 9001 10 (900 + piw, where pis small. {N99/P1/8)

Given that ¥ = 2* + 9x, use calculus to find, in terms of p, the approximate percentage
increase in y when x increase from 3 to 3 + p, where p is small. (N200/P1/13a)

iy

Given that ¥ = x In x — x, find an expression for 5-. Hence find, in terms of p, the
approximate change in y when x changes from ¢’ to ¢* + p, where p is small.  (N2000/P2/8c)

Two variables, x and v, are related by the equation v = 2° + £ (i) Obtain an expression for d—t
(i) Use your expression to find the approximate change in the value of y when x changes
from 2 to 205, {NO1/P1/8)

(i) Given that ¥y = 1 + In (2x — 3), obtain an expression for 'i.—' (ii) Hence find, in terms of p,
the approximate value of y when x =2 + p, where p is small. (N2005/P2/3)
The equation of a curve 1s y= rf“— (1) Find the gradient of the curve where x = 2. (ii}Find
the approximate change in y when x increases from 2 to 2 + p, where p is small,
(N2006/P1/3)
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TOPIC47 CONNECTED RATES OF

CHANGE

FORMULAE AND IMPORTANT NOTES

t =

L

If a quantity x is increasing with the passage of time its rate of change <= is positive.

. A . . dr "
Ifx is decreasing as time increases < is negative.
v g v dv e

@ =@ N a w T

PAST EXAMINATION QUESTIONS

L

[

. [ dy .
Given that y = ——, find the value of 5 when x = % The rate of increase of x, when x =

%, is 2 units per second. Calculate the corresponding rate of change of v, (N97/P1/6)

The mass, m grams, of radioactive substance, present at time ¢ days afier first being observed,
is given by the formula m = 24¢°°%, Find (i) the value of m when t = 30, (i) the value of ¢
when the mass is half of its value at r = 0, (iii) the rate at which the mass is decreasing when
1= 30, (N97/P2/da)

The diagram shows a vertical cross-section of a container
in the form of an inverted cone of height 60 cm and base
radius 20 cm. The circular base is held horizontal and
uppermost. Water is poured into the container at a
constant rate of 40 cm® s, (i) Show that, when the depth
of water in the container is x cm, the volume of water in
the container is :‘5';— e’ (ii) Find the rate of increase of
x at the instant when x = 2. (NIR/P1/0)

20 em

. -2 dv . ” A
Given that y = ;‘—_3 where x # —1+5, show that 5 is always positive. Use your expression

for % to find the approximaie increase in y as x increases from 36 to 36-045. Given that x
and y vary with time r, find the values of x for which % = -1%, (N99/P2/6c)

Liquid is poured into a bucket at a rate of 60 em’s™'. The volume, I cm’, of the liquid in the
bucket, when the depth of liquid is x cm, is given by = 0:01x* + 2-2x* + 200x. Find (i) the
rate of increase in the depth of liquid when x = 10, (ii) the depth of liquid when the rate of
increase in the depth is 02 em s, (N2000/P1/13b)

The velocity, v ms™, of a particle, travelling in the straight line, at time ¢ s after leaving a

fixed paint O, given by v = 3 — 18 + 32, where ¢ = 0. Find (i) the value of ¢ for which the

acceleration is zero, (i) the distance of the particle from O when its velocity is a minimum.
(NOL/P1/9)

Two variables, x and y, are related by the equation y = %(% — 1. Given that both x and y
vary with time, find the value of y when the rate of change of y is 12 times the rate of change
of x. (NO1/P1/16b)
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TOPIC 48 INDEFINITE INTEGRALS

FORMULAE AND IMPORTANT NOTES
1 If -;“::F(r) = f(x) then [ f (x)dx = F(x) + ¢ where ¢ is a constant.

(i) Inde=nr+c, where n is a constant

iy Jar r.[r:::—:;hr‘,n:t-l

(i) fEdv=t=ac n=l

{iv) ]fd.l‘—mrJ"]+r TEES
v} !_dl"—_i Thenztl
(vi) ]e’ dv=c" 40

wii) {4 de=Inx+c,ifx>0

(viii) fsinx dx=—=cosx+e

(ix) Jeosxdr=sinx+e

(x) fsec’vdv=tanx+¢

13

If %F{Jr):_,r'(.\‘]mcn fﬂm\‘+b)dx=#.’-‘fnu'+b]+c where m, b and ¢ are constants and
m# 0,

(i) ](urt+b)" dy =
(i) [qmprdr=
Gii) [ ofmx+ b de=
V) = -vm.ms dv=y
(V) I‘_,au-ab dr= ﬁt”"‘“” +

i) | W'., dy=lnimx+b) +c,mx +b>0

_M.”{mr+b)'" +c, n#-l

I-
— r”(nu+b) +o, nEl

tmr—h]

sl b)” e netl

x4+ B T pen#t ]

(vii} ism(.-r:xﬂ:)d,\:— coslmx +b)+¢
(viii) | coslimx+ b} dx = - sin{mx + b) + ¢
(ix) fsec(mx+b)de =5 antmy+b)+¢

30 fmfGrde=mifx) dx
(i) MG £gle)} de=Jfx) de+ ] gle) de

4 () Jsinfrde=f12 ge = (- 22 4 o= Lx—sinxcosx) + ¢
(i) feostvar= L2 gy = Lp s 322 ¢ o= Lix s sinxcosx) ¢
(iii) Jan’rdv=f(sec’x—1)dv=tanx—x+¢
{iv) lcosec?xdr=—-cotx+e
(v) Jeot’xdv=f(cosec’s — Dex =—cotx — x + ¢

(vi) fsin®xdrx = [+(3 sinx - sin 3x)dy= 4 (% ES
(>|n Ar
3

~3cosx)+c
+ 3sinx)+c

(vii) feos*xdx = [ +(cos 3x + 3 cos x)dx =

(4831



PAST EXAMINATION QUESTIONS

=3

Find [ f{@x + 5) dx . (N9/P2ITa)
}‘-"ind the equation of the curve which passes through the point (3, 6) and for which
o= 2= 3 (N98/P1/2)
A curve is such that f:l— =32+ <. Given that the curve passes through the point (1, 3), find
the equation of the curve. (N98/P2/Ta)
Find §(7x — 2)dx . (N99/P2/Ta)

The gradient at any point (x, ¥) on a curve is given by 6x% + 6x — 5. Given that the curve
passes through the point (2, 12}, find the equation of the curve. (N2000/P1/5)
The gradient of a curve at any point is given by j—l =2- -Ll The curve intersects the x-axis
at the point £. Given that the gradient of the curve at P is 1, find the equation of the curve.
(NO1/P1/16a)

. dv 3 . .
A curve is such that E‘ = % Given that the curve passes through the point (3, 5), find

the coordinates of the point‘;'hcrc the curve crosses the x-axis. (N2002/P1/6)
A curve has the equation y = x* In.x, where x > (),

(i)  Find an expression for '!Er

Hence

(i) ealculate the value of 1n x at the stationary point of the curve,

(iii) find the approximate increase in y as x increases from e to ¢ + p, where p is small,

(iv) find [2* 1n v dx. (N2004/P1/10)

A curve is such that ﬂ—r‘ = 6x —, The gradient of the curve at the point (2, -9) is 3.
(i} Express yin terms of x.
(i1)  Show that the gradient of the curve is never less than -1_7('. {N2005/P2/10)
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TOPIC 49 DEFINITE INTEGRALS

FORMULAE AND IMPORTANT NOTES

1 If LA =f) then | :_f(\'}.-[\':lFE\']] :: = F(b) - F(a).

12

i : ) de=0
b a .
() dr = — () dx
3. L@ [} p 0 ds
4, I ;: of (x) !f.l‘:rj '!:f(.r]:i\', where ¢ is a constant
¢ [
b, . b b
)+ ply - ) dx +
5. J. a {F )+ glo) belx j ﬂf[.l)(.[(_j a glx) de
b v b
6. [ fWde=f fde+ | o dx

PAST EXAMINATION QUESTIONS

1. Show that f(lx + sin 2x) = 4 cos’v. Hence, or otherwise, evaluate 5 os’ v dv. (N98/P2/Th)

[

Using the identity cos 3x =4 cos’x — 3 cos x, find the value ufj.z cos xey (N99/P2/7b)

3. (a) Evaluate (i)_[ ; 3cos 2ady, (ii) I; Jar + 1 dv.

(b) Find %(ﬁ) and hence evaluate j:] md’.r. (N2000/P2/7a, b)
4. (1) Evaluate () [ —dx Gi) [ | sin 2cdr.

(b) Find the value of k for which [} slzdx = In 2, (N2001/P2/4a, b)
5 (i) Diffrr:'nlialu_\'s-'inr_rwith respect to x.

(i) Hence evaluate jn_ xcos xdy. (N2002/P2/7)
6. The diagram shows part of the curve y =6 sin(lr + T) o

Find the area of the shaded region bounded by the curve /"' b g ,in{g, . %)

and the coordinate axes. s h

(N2003/P1/5) ! i ; \._\
! B i I\.
*3
o T
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TOPIC 50 PLANE AREAS BY

INTEGRATION

FORMULAE AND IMPORTANT NOTES

13

Ly =flx)
¥y 4
1

/
B/ x= "My}
» e

i) Area of region B= j :1 xdy= [ :: £ dy
M I

Area of region A= ':: ydv=] :1 flx)dx
Al Al

Area of region A =j :1 {f (o) — glo) bl
A

Area of region A= [ :j {FHy) =g M ydhdy
¥

I — vde=0
xX)
!. 'l:j ydr<0

X3 -
! vdv = algebraic difference between areas of
xy

region A and region B

. . X2 X2
Absolute areas of region A and region B = _[ v+ j vy
Xy X3
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6.

(a) The diagram shows part of the curve y = 12— %,

passing through the points P(2, 3) and @(3, 8). Find
the area of (i) the region A, (ii) the region B.

e Iile

(b) The line v = x intersects the curve y =+ - 5x + S at yux
A(2, 2) and B(4, 4). The diagram shows the shaded
region bounded by the line and the curve. B4

(i)  Find the area of the shaded region. AL

The curve x = y* — 5y + 8 also passes through A and

B.

(ii)  Find the area enclosed by the two curves.
(NOL/PI/LT)

AT

Use the formula cos 24 = 2 cos® A — 1 to express cos® 2x in terms of cos 4x. Hence find, 10 2
decimal places, the area of the region enclosed by the curve ¥ = 6icos*2y, the x-axis and the
linesx=0and x= . (NO1/P2/4c)

{a) Differentiate xe™ with respect to x.
(b)  Find the x-coordinate of the stationary point of the curve y = xe™.
(¢) Using vour answer from part (a) show that _[4xf1'd.: =2ve™ —¢¥ 4 ¢ ,where cisa

constant.
Hence find the arca of the region enclosed by the curve y = 4xe™, the x-axis and the lines
x=landx=2. (NO1/P2/7b)

The diagram shows part of the curve y =e* + ¢ for-1 Sx< 1.
Find, to 2 decimal places, the area of the shaded region.
(N2002/P1/4)

A curve has the equation y = e 7 + 3¢~ 7%,
(i) Show that the exact value of the y-coordinate of the stationary point of the curve is
23.
(ii) Determine whether the stationary point is a maximum or a minimum.
(i1i) Calculate the area enclosed by the curve, the x-axis and the linesx=0and x=1.
(N2004/P1/120R)

The diagram shows part of the curve v = 3sin 2y + 4cos x.
Find the area of the shaded region, bounded by the curve
and the coordinate axes. (N2004/P2/3)
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Each member of a set of curves has an equation of the form y = ax + % where a and b are

integers.

(i) For the curve where @ = 3 and b = 2, find the area bounded by the curve, the x-axis and
the lines v =2 and x = 4.

Another curve of this set has a stationary point at (2, 3).

1) Find the value of @ and of b in this case and determine the nature of the stationary
point. (N2004/P2/120R)

The diagram, which is not drawn 1o scale, shows part of
the curve y = 17 — 10x + 24 cutting the x-axis at Q(4, 0).
The tangent 10 the curve at the point P on the curve SO e lGees
meets the coordinate axes at S0, 15) and at T (3.75, 0).
(i} Find the coordinates of P,
The normal to the curve at F meets the x-axis at R, {3t
(ii} Find the coordinates of R. 3 ot
(iii} Calculate the area of the shaded region bounded by
the x-axis, the line PR and the curve PQ.
(N2005/P2/12EITHER)

£ id. ih

T
(375,0)

y=dogls

4 ol c x
The diagram shows part of the curve v = 4 — ¢ which crosses the axes at A and at B.
(i} Find the coordinates of A and of B.
The normal to the curve at B meets the x-axis at C.
(ii) Find the coordinates of C.
(iii} Show that the area of the shaded region is approximately 10.3 square units.
(N2006/P1/12EITHER)

In the diagram, 1 unit represents 1 kilometre along each axis.
The triangle OAB represents a park. The development of a  »
new road will result in the park being reduced to the shaded A
region shown. One of the boundaries of this shaded region is
represented by the curve v = 51 + 4. The side AR is normal
to the curve at the point P(1, 3).
(i)  Find the equation of the line AB.
(ii) Show that the length of OF is 3.5 units and find the
length of OA. !
(iii) Show that the development of the new road will reduce @ B ¥
the park to approximately 85.5% of its original size.
(SPOS/P2/10)

y=viiea

(50)4



TOPIC52 KINEMATICS (CALCULUS)

FORMULAE AND IMPORTANT NOTES

The syllabus covers only the movement of a particle in a straight line. Let ¢ be the time, a the
acceleration, v the velocity, s the displacement and x the distance travelled.

_de _ dfdy  ds
a="or =& ..'.l)

=
Iii

v=S=fad

s=lvdt

(i} vnever changes sign for any ¢ where 1 <r<t3:

o1

. . 2
Displacement of the particle from £ to f2=5= j oV dt
1

12
I " vdr‘

Distance travelled by the particle from ¢ tor; =x=

sx=ls|

(ii) vchanges sign only when t=r;and fy <3 <f2:

Iz
vt

Displacement of the particle from £ tofz =5 = I '_‘
1
I3 iz
I vdt] + _'|. v dl|
n 3

Distance travelled by the particle from ¢y to 1y =x =

Soxe sl

PAST EXAMINATION QUESTIONS

1. A particle moves in a straight line so that, ¢ seconds after passing through a fixed point O, its
velocity, ¥ m 57, is given by v = 5 + 1 - 3p) + p, where p is a constant. (i) Find an
expression for the acceleration of the particle in terms of ¢ and p. (ii) Given that the
acceleration of the particle is 3 m 57 when 1 = 2, find the value of p. (iii) Using your value of
p. find the values of 1 when the particle is at instantaneous rest. (N97/P1/10)

ra

A particle moves in a straight line so that, at time ¢ seconds after passing through a fixed
point ¢4, its velocity, v m s, is given by v =8 cos(i), Find (i) the value of ¢ at which the
particle first comes to rest, (i) the distance travelled by the particle in the first 4 seconds after

passing through O (N9T/P2/Tb)
3. The diagram shows two points 4 and B on a straight line, " B

where AB = 4 m. A particle P moves along the line so r Y

that its velocity, vms ™', is given by v= £ — 47— 5, ¢ 2 0, 4m

where ¢ is the time in seconds after leaving B. Initially particle P is at B, moving towards 4.
Find an expression, in terms of , for (i) the acceleration of P, (ii) the distance of P from A.
Find (iii) the distance from A of the point where P comes instantancously to rest, (iv) the total
distance travelled by P in the time interval ¢t = 0 to r = 10. (N9B/PL/T)

(52)1



A particle moves in a straight line so that, at time 1 seconds after leaving a fixed point O, its
velacity, v ms™, is given by v = 20e” 7, (i) Sketch the velocity-time curve. (ii) Find the value
of 1 when v = 10. (iii) Find the acceleration of the particle when v = 10, (iv) Obtain an
expression, in terms of 7, for the displacement from O of the particle at time ¢ seconds.
(N98/P2/5¢)

A particle 4 moves in a straight line so that its displacement. s m, from a point @ at time 1 s,
where 1 2 0, is given by s = £ — 4F — 31 + 5. Find (i) the value of 1 when the particle is
instantaneously at rest and the distance the particle has then travelled, (ii) the value of 7 to
two decimal places, when the particle has returned to its initial position. A particle B moves
on a parallel straight line so that its acceleration, @ m 57, at time ¢ 5 is given by a = 2¢ + 1.
Given that 4 and B have the same velocity when ¢ = 5, obtain an expression, in terms of 7. for
the velocity of 8. (N99/P1/13)

A particle moves in a straight line so that, ¢ seconds after leaving a fixed point €2, its
displacement, s metres from ¢, is given by s = 9¢ + 6 - 27, Find

(i) the positive value of t for which the particle is instantaneously at rest,

(i) the total distance travelled by the particle from¢=0to 1= 4,

(iii) the acceleration of the particle whens=1. (N2000/P1/7)

The velocity, v ms™', of a particle, travelling in a straight line, at time 1 s after leaving a fixed

point O, is given by

v=3r" — 18 + 32, where 1 2 0.

Find

(i) the value of ¢ for which the acceleration is zero.

(ii) the distance of the particle from O when its velocity is a minimum. (N2001/P1/9)

A particle moves so that, 7 s afier passing through a fixed point O, its velocity, v ms™', is

given by v = Ae™, where 4 and k are constants. Given that when ¢ = O the velocity is 5 ms™

and that when 7 = 10 the velocity is 3 ms™, find

(i) the value of A and &,

(i)  the acceleration of the particle whenr = 10, (N2001/P2/8c)

A particle travels in a straight line so that, 1 s after passing a fixed point 4, its speed, v ms™' |

is given by v=40{e™ - 0.1).

The particle comes to instantaneous rest at 8. Calculate the distance 4B. (N2003/P2/6)

A particle, travelling in a straight line, passes a fixed point O on the line with a speed of 0.5

ms™, The acceleration, a ms™, of the particle, ¢ s after passing O, is given by a= 1.4 - 0.61.

(i) Show that the panticle comes instantancously 1o rest whens = 5.

(ii) Find the total distance travelled by the particle between =0 and ¢ = 10.
(N2004/P2/12EITHER)

A particle moves in a straight line so that, ¢ seconds after leaving a fixed point O, its velocity,

vms™, is given by v =16+ 6r~ ¢ Find

(i)  the velocity of the particle when its acceleration is zero.

{ii)  the value of r when the particle is instantaneously at rest,

(iii) the distance from ¢ at which the particle is instantaneously at rest,

(iv) the total distance travelled by the particle in the interval r=0tor=12.  (SP08/P2/9)
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1 Prove the identity
1 +1an

—12;{: (1 +sin A)(1 = sin A).

131

2 Acompany supplies 4 garden centres - Allseed, Budwise, Croppers and Digwell — with bags of compost,
which are sold in 3 sizes - large 145 litres, medium 75 litres and small 20 litres. The number of bags of
compost supplied to each garden centre in one delivery is shown in the following table.

Large | Medium | Small
Allsced | 200 | s00 | 200 |
Budwise 300 600 -
Croppers - 400 300
Digwell - 700 -

Over a six-month period Allseed received 5 such deliveries, Budwise 6, Croppers 8 and Digwell 7.
Write down three matrices such that matrix multiplication will give the total amount of compost
supplied over the six-month period and hence find this total.

4]

3 Theline 2v+3y=12 meets the curve y'=4x—8 at the points P and . Find the length of the

line PQ. (5]
4 - Find the coefficient of +° in the binomial expansion of

@M (-2, 12)
(i) (1-72)1-297 131
5 (i) Differentiate tan{2x+ 1) with respect to x. 12)
(ii) Explain why the curve y=tan{2x+ 1) has no stationary points, [1
(iii)  Find. in terms of p, the approximate change in tan(2Zx + 1) as x increases from | to 1 + p, where
is small. 121

© UCLES & MOE 2007 ADIRNZ0OMNOT
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6  Inthis question i is a unit vector due east and j is a unit vector due north.
A plane flies from A to B, where B is Y00km due east of A, The velocity, in still air, of the plane is
(270i - 50j) kmh™! and there is a wind blowing with a constant velocity of (pi + gj )kmh™',
(i) Find the value of q. 1
(if)  Given that the journey takes 3 hours, show that p = 30. 3]
The plane returns from B to A with the same wind blowing and the velocity, in still air, of the plane is
now (=270i = 50§} kmh'.
(iii) Calculate the time taken for the retum journey. [2]
7  Solve the equation
(0 log, 72=3-log, 3, 3]
(i) 3log; y—logy y=10. 4]
8 (a) Each of seven cards has on it one of the digits 1, 2, 3,4, 5, 6, 7; no two cards have the same digit.
Four of these cards are selected and arranged to form a 4-digit number.
(i) How many different 4-digit numbers can be formed in this way? [1]
(ii) How many of these 4-digit numbers begin and end with an even digit? 121
(b) 4 people are selected to form a debating team from a group of 5 men and 2 women.
(i) Find the number of possible teams that can be selected. [}
(ii) How many of these teams contain at least 1 woman? 31
9 (a) Solvethe equation 2cos’x+Ssinx+1=0 for0°=x = 360° [4]
(b} Solve the equation tany (1 +coty)+2=0 for0 = y = 2xradians. [4]
© UCLES & MOE 2007 A0NRMUOMNOT [Turn over
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10 (a) A function fis defined by f:x+» 2"+ 2x+¢ for xe R Find the value of the constant ¢ for

which the range of fis given by fix) = 3. (4]
(b) Afunction gisdefinedby g:x—=x*+2x+5 forx =k, where & is a constant.
(i) Express 22+ 21+ 5 in the form (x + @) + b, where a and b are constants. [1}
Given that g has an inverse.
(ii} state the smallest possible value of k. 1]
[2]

(iii) find an expression for g".

11 Solutions to this question by accurate drawing will not be accepted.

r4 409,9)

B(1,-3)

The diagram, which is not drawn to scale, shows a trangle ABC in which the point 4 is (9, 9) and the
point B is (1, — 3). The point C lies on the perpendicular bisector of AB and the equation of the line BC
is y=8x-11. Find

(i} the equation of the perpendicular bisector of AB, 4
(if} the coordinates of C. 12]

The point D is such that ACBD is a rhombus.
{iii) Find the coordinates of D. 2]
12]

(iv) Show that AB =2CD.

SNROOMNOT
(2007)8
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12 Answer only one of the following two alternatives.
EITHER

A particle starts from a fixed point A and travels in a straight line. The velocity, v ms™', of the particle,
15 after leaving A, is given by v=1+1— +J4r+9.

(i) Find the acceleration of the particle when it is at instantaneous rest. [n

(i) Obtain ar expression, in terms of 1, for the displacement, from A, of the panticle ¢s after leaving A.

[5]
OR
Y4
P
(7] Q454
x
pe 16
T3 -xf
The diagram shows part of the curve y= E&? -1, cutting the x-axis at (2. The tangent at the point
-x
P on the curve cuts the x-axis at A. Given that the gradient of this tangent is 4, calculate
(i) the coordinates of P, i51
(ii) the arca of the shaded region POA. 7
© UCLES & MOE 2007 AMRTLONAT [Turn over
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O-LEVEL ADDITIONAL MATHEMATICS

SPECIMEN PAPER 2008 10

PAPER 1

. x=195%or W@

2 ) 2

i) §=0Ea

o _tmdS s nd I
= 1= tand5° tanA
= tan(45" + A)

3 3

4. k= ﬁ or %

5.

a=5b=-2
6. (i) InAABC, BC = AB sin 60°

=5c 12
CD = 4BC

==

1

AC =AB cos 607

Pythagoras’

1 = ZBAC - £CAD
= 60° - tan '[%)

7. x=2%
8 (i) 1+ 5px+ 10p°4°
(i) Sp+q=-10: 10p" + 5pg = 15;
p==3,49=5
9. (1) Centreof Cis (3, 4).
Radius of Cis 3.
(ii) Distance of C from the y-axis
= x-coodinate of C
=3
= radius

. Crouches the y-axis.

Al
Answers

L) 3

(i) ¥+ +6x—By+ 16=0
1

(ii) 8>0and (x+2>0
- % - ‘-_'-":—, # 0 whatever the value

of x.
This means the curve has no stationary
point.
The corresponding rate of change is 0.005
units/second.
(i) P§= f,'—:l' =40

1 =3P0+2PS

=3x + 2(4%)

1=3c+ 50

(i) x=20
(iii) The value of I, which is 120 is a minimum
value,

(iii)

E=av+b
A straight line can be drawn by plotting £
against V.

(i)

2 mov

(i} R=126

(iii) a=0.20,b=2.45

(iv) From the graph the required value of
v=185




2

4.

TOPIC 1

@)

S

(1)

—,

(i) AnB'nC'
(i) BU(ANC)

(i}
PAD' AT
T

i) p,

@ *FnhHnd
(@) ) A'NB

(i) A"UANB)
(b) (i)

(ii)

é ‘i_(.
@j
fo
(i) xeA
() nlB')=16
(i) CND=dorn(CNDN=0

TOPIC2 IRRATIONAL ROD’IS'(SIjRDS)

L

[FURN S

0.0231

(correct to 4 decimal places)
70.5

222

(a)

(k)
(c)
(d) - p.a3e0my
a=2b=4a=6% b=1%+
i 2+.J3

(i) 243

2/3+143

5 a=19b=-
6. (3+2/3)m

7. (2—.}"-‘7)?—3—"‘

= (14__,
=(@-4/5 +5)- T
= 3+ 5

=9-4/3 - .’ig_‘__‘i..l

=9-4./5 -2(3+ f3)
=9—4J._—f\—3ﬁ
=3-6.5
=p+qy3
p=349=-6

8 (5-2/7)cm

TOPIC3 INDICES

1. x=1.74

2. (@) a+b’
(b) 0.8

3 x=16

4, p=6
g=-3

5o x=Tiy=2

6 6'=+%

TOPIC4 LOGARITHMS

1
2. x=
3 x=18
4
Ji0
y=—5
i) —-p
(i) 3+2p
x=%
y=1256
(i) =12 100 (10 3 figures)
(i1) In the year 2006

5. (a)
(b}

6. (i)

(ii)
T. (a)

(b) 1.63

8. (a) y=2
b 5

9. (i) k=0.0330
(i) V=371

10. (@) x=+r
(b) e=9-3b

H. x=2+

172, (i) S48 700
(ii) 56 months

A3
Answers



TOPIC 5 SIMULTANEOUS LINEAR

EQUATIONS
L) 24 ms?
(ii) 241 m
TOPIC 6 SOLUTION OF QUADRATIC
EQUATIONS
1. a=2
2. D315
3.6y
(i) y=2zt
4 x=8
S :%
6. (i) (ZF-229-3=0

(i) x=1.58

TOPICT7 SIMULTANEOUS LINEAR AND
NON-LINEAR EQUATIONS

1. The points of intersection are (5, 2.5) and
(6, 2).

2

3

4,

3.

6.

TOPICS  LINEAR GRAPHS

1. () B=(04)
iy C=(6,2)

2. () c=43E2E 5D
(i) y=x-1LF=(2%,13)
i) 144 units?

3. (i) AandBare(-1,3)and (1,2
(iiy AB=J5

4. (i) y+2x=18

(i) X=(5+,79)
(i) C=(18, 14)
D=(24,10)

(iv) 112 units®

wn

4x-2y-T=0

6. (-2,3).(5,4)
7. () (6,7)
(i) (43.3)
(iii} (3.5, 2), 2.5 units®
8 dx+3y =39
9. (i) AB'+AC =BC?
.~ The triangle is right angled at A,
(i) 25 units’
10, G) p=(2,5
(i) y=9-2x
(i) @=(4+.0)
1. 4x+6y+5=0
12. i) C=1(63), B=(8,9.D=04,2)
(ii) 26.1 units
13. 25 units®
14. A=(5,15)
B=(0,16%)
Cc=(-3% 6%)
| r— . T ——. 1)
15. (i) AB = J(0-2)" + (10 - 16)°
=44+ 36
= \."‘-l_ﬁ units
BC = (2 - 8) + (16 - 14)°
=36 +4
=/
o AB=BC
AABC is isosceles.
(i) D=(10,0)
(iii) +
16. (11,-1)
17. If 2x 4y =14, then y = 14 - 2x
27 - 196+ S6x—dx =28x -4’ -6
20+ 28x— 190 =0
P+ 14x-95=0
(x+ 19)x~35) =0
Ifx+19=0 Ifx-5=0
x=-19 x=5
y=14-2(-19) y =14-2(5)
=52 =4
oA and B are (=19, 52) and (5, 4).
AB = J(=19 - 5)" + (52 - 4)°
= J576 + 2304
= J28E0
=376 x5
=247 x5
=245 units
Ad
Answers



18, i}
(i)
(i)
(v}

C=(45.-1)
D=(157T)
k=t

Gradient of CE x Gradiem of DE

2
2o £CED is not a right angle.
19. () AB='7BC="F
(i) p=9
(iii) P=(2,0) 3
{iv) 35.5 units
TOPIC Y  GRAPHS OFLINEAR
ABSOLUTE, ¥ALUE
FUNCTIONS
1L ox=dy=1%
LA (I
¥u=lnx 4.
0t ¥

(i) y=45"

YA

fixw |20 =3 -4

k=15
V) gixes=r+(-1)

AS
Answers

(a)

(h}

(a)
by

(a)

(L]

{u)

(b}

TOPIC 10" REDUCTION TO LINEAR

EQUATIONS

i) y=3-168
(i) a=1.30
c=5d=2

i) A=20, k=16
(i) x=34

(i p=6, g=-48
(i) k=53

(i) lgy=lgA+xlgk

A=31L k=50
1a=326
Lor2
i)
(i) x
() v=lr+x-13
(i) 3.24

(i) x= 1.8 y=6.28




6. (i), tiil)

x| S0 | 100 | 150 | 200 | 250

JT00 | 11000 21 600 | 36 000 | 53 500
74 110 144 180 214

(i) A=0.T;B=40
(1i1) The value of x given by the point of
intersection of the two lines gives the
dimension of the rectangle when it is
a squ.
(iv) The ratio approaches the constant 0.7,
7. i), dil), i)

Y X m «
v = al’ 12 v X lgb Iga
y=Ax Ig ¥ Igx k Ig A
prtgqu=xv| ¥ Tl q r 10.

Bi)
! 17 | 45 | 80 | 138 | 185

-0l =
(i) a=20
L

{iii) x=19
9. ()

x 15 20 25 30 35 40

v | 005 [ 038 [ 095 [ 232 [ 5090|1480 "B
gy |[-1.90]-097[-005] 0.84 [ 1.77 | 2.69 tiiy 126

(iii) @ =020, =245
(iv) v=185

Ab
Answers




(i) x=100382,2.62,5 [ T I R [t

10 (i) (r= W= & =-F)=0 (i) Sp+g=-10;10p"+ Spg = 15
(= Dx—kpx=A)y=Qx-2)+7 p==-3,4=35
Letx=2
- ]Ji" B2 -k =02 -2+ 7

}.Jt”’— 3 TOPIC 27 MATRICES

I %27 600

-2 -2-3=0
(i) The only real value of k for this

equation is 3, 2'
. a=5.b=-2
a=5.b r=2y=-35
3. The three matrices are ((L60 0,20 0.50),
TOPICZS. PERMUTATIONS AND A0
COMBINATIONS 8665 50
2 |4
LG 126 ::i; ) sg
(i) 56,12 T 60
4 E . avs in which the cast ¢
2 da) ll)":acl:;j::\ 60 ways in which the cast can Total cost = $1111
(b 200 such number can be made, 4. 3
3 2o Pal
iy 7
(iii) 175
4. (a) 322,560
(b) 40 o4
5. () (i) 120 W(lé %]
(ii) 36
(b) The number of different digits = 96 5 Ate _117[ 4 -3 ].‘ cmly=-2
Number of these S-digit numbers which sz '
are even = 60 6, p=2k=5
6. (a) 3024
(h) 910 ways 7. (5 84 10]
300 60 40
150 50 20
TOPIC 26 BINOMIAL THEOREM: 120 40 0
POSITIVE INTEGRAL INDEX
i o o
L4
2 @ 370 Giy (4180 860 360 )
(b) Firstdterms =1+ Tp + 21p" + 35p° 5%
) -6nf_oeﬂlcmnt of &' =119 i) | 10%
W a2 20%
- T . -
5 W n=4 @iv) (367)
(:i) fiz A iy x=3y=4
6. 644+ 192r 5 2400 + ... 148 . 12
7. (i) 243 - 40520+ 2700 — ... i) B 5
[n} 135

A9
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OA » O % sin AUB +
w2 % sin CO
+ % 2% 2w sin (WP - x)+

8 G

=2cosx+ 8siny

JOB sin (x + 14.0%

5
(i) §
R= o8 a=140F
(i) 32.7°
(iv) 5= /68 1a=T60"
(v} 2667
9, () (i} x= 600 10457, 25557 3007
(i) y=97.27or 262.8"
{b) c=0.5380r2.11
10, (@) (i) x=0° 30F, 1500, 1807
{ii} v=108.4%or 161.6°
(by (i) 5 cos(0+ 0.644)
(i) B=03516
110 143.0° 32307

12, (a) 13.6° 246.4°
b} y=1.70,3.28
13, (a) .
h) y=0.66, 3.
14, () B=787

(11} The constant value is 13,
15, (a) x=19.5%0r 160.5"
(h) v=3.930r 550
16. (b) 5°, 116,67, 225°, 196.6°
() y=1560r 215
17. x= 195 or 90°
18, (i) P =2AR+ BC)
=2(A0 + 2A0)
= 2{O8 sin & + 208 cos 87)
= 2(08) (sin 0F + 2 cos OF)
=2 xd (sin 8"+ 2 cos 6
P =16 cos 0F + 8 5in 07
(i) P=8/F cos (- 2657
(iii) Maximum value of Pis 8,5 .
Maximum value of 8 = 26.6
{iv) B=359.6

TOPIC 32 SOME GEOMETRY
THEOREMS

1. () InAABC, BC = AR sin 60F

—
AC = AR cos 6o

2,

All
Answers

TOPIC 33 CIRCL

In AADC, ALY = CIF + ACT Puthagoras’

S AD =
(i) tan CAD = £2
T

=decs

A" = LBAC - £CAD
Fi)
=60 —tan'| 5

(i) £PRO=20PT  ext.£=2intheal

segment
(i) £ZRNP = 9F RN LSPT
LPMR =i PM L QR

o ZRNP 4+ ZPMR = 18P
= NRMP is a cyelic quadnlaeral
i.c. PR is a diameter of the circle NRMP
(iii) Since a circle passes through NRMP
EMPT= 2ZNRM  ext. £ of eyclic quad.
LOPT= £ZPRO proved
EMPT - 20PT = ZNRM = £PRQ
LMPQ = ZNRF
but  ZNRFP = ZNMP
s in the spme segment,
NRMP 15 a cyelic quad.
o EZMPQ = ZNMEP
o MNAQP alt Zs equal

ECTORS AND

SEGM

(i 503 em

(i) 153 env’

(i} 6% em

(i) 126cm’

(i) 18.3cm

(i) 38.0 em?

{iii) 399 cm

(i) 62L0cm

(i) 298 cm?
r=2B8=50rr=50=1
(1) LAOH=1.2 radians
(i) DE=7.46cm

(1ii) L DOE = D485

(i) U.28 cm®

32em




(i) Scctor COB = 38.4 cnd’
(i) Sector CAPD =523 em’

(i) Area of the shaded region = 15.9 em®

i) P=rtn@40+ 5 -1)
lii} A= 3 rtan0-8)

(iiiy r=150

{iv) A=154

TOPIC 34 VECTOR GEOMETRY

=]

—_ i

i OB=Ti-j

(i) The angle between AC and
08 = 63.4°,

—
(iy OD=pb+(l-pa

R
(i) OD=gla+2h)
p= %—,q: Lik=1

(@) (i) -3
(i) 290
The angle between a and b
=cos! -"—‘,Wu;‘
= 139.8° (or 40.2°)
(i) 14

b) (i) +(2e+3d)

(i) =24 p=t
$i-4i
(i) k=3
(i} 634"

oo12i-8
Rl Y,

— —
s AONOB
But they meet at O,
o 0, A and A lie on the same
straight line.
iy d=35
LR 3
by () PE=q-3p
b1
05=%(p+q)

g
e
]
s
[l

e

-—_ i i
(i) ST=4q-4p
(i) 57 = (+ + g - 4p
h=2ip=t
(a) (i) Tle+2b)

Al2
Answers

(i) O0=c42b-2a
—_— ) —
C0=00-0C
=f{c+2h-2a)-c

=2b-a)
—_— —
=2{08 - 0A)
—
=24l

— —
2 CQis parallel 0 AB.
(hy (i) 20-2f i) di+4j
(i) 6i + 5
—
(iv) OA=3i+4j
—
OA' = 3i -4

— — —
A'C =0C =04

=G+ -03-4)
= 5i+ 2§ - 3i+4j
=2i+ 6§

—_— — —
D =0p-0C
=(bi + 5j) - (3i + 2J)
=6l+3j-5i+2j

But they concide at C.
s AT, Cand D are collinear,

AC:CD=AC: +aC
=2:1
Y g ash
(i) AP=+tb-a 0M="3
I

i) OQ=7{a+h)
L= "
(i) 00 =(1 -pwa+5h
{iv) l:ip:}
k=12

. k=24

— .

(i) OX =*(q+2p)
—3

(i) PX =%(2q-5p)

iy w= 3

m :_l‘

—
L) 0P =6i-tj

- . -
og =12i+9j
(i) h=35




TOPIC 35 VELOCITY YECTORS

1 (i) 64kmh!
(i) 252kmh!
(iii) 014.7" (37° and 26 minutes
(i) 7L
Qi) 3509
(iii) 173.2°
(iv) 0924
3. (i) From the direction of 108,5%
(1) 883 km
4, (i) P=206+ (504 100§
Q= (80 - 100 + (20 + 300§
(iiy 224 units
(1) Velocity of P relative to O
= (201 + 10§) - (-10i + 30j)
= (20 + 10)i - (-10 + 30)j
204 100 + (10 - 300j
= 30i - 20§
Pasition vector of P relative 1o (7 at
1200 hour
= 50 — (80i + 20§)
= ~80i + (50 - 20
= 80 + 30j
But =5 =
The two vectors are not even parallel.
Therefore, £ and @ will never meet.
5. (i) Beaning of @ from P is 108.4°
fii} 47 minutes
345
(1) 25ms!
(i) The ferry must be steered upstream
at an angle of 143,17 10 the bank it
is leaving.

)

bl

TOPIC 36 DIFFERENTIATION OF
SUM AND PRODUCT

L) y=x+2
f=i=11)
(i) R=12,
K=(2,1)

(i) 2:3

(iv) 4-+units
1

&

2 =

A () The square of a real number cannot
be negative. Therefore the curve v =
fix) has no twming point. Since its
gradient cannot be zero, Since i has
no tuming point, there is always a
C corme 1 t
the values of x and fix). Therelore the
function f has an inverse.

{if) 1y =x=2
4, =212
500 a=-9.b=17
{ii} (-2.27)

TOFPIC 37 QUOTIENT RULE
1. k=13

TOPIC 38 CHAIN RULE

L =20(3 - 2ap?

TOPIC 39 DERIVATIVES OF
EXPONENTIAL AND.
LOGARITHMIC FUNCTIONS

L ox(l+2lnx)

(i) 705 or T06
{iii} 55.5

(v ~0.513 {or 4)
) 09610097

) e
L@ wmhEs

{b)

12

4, () Lysetin

() Ta—dwt
(iii) M=1(2, 2e "y or (2, (L736)
(iv) M is 2 maximum point.

TOPIC 40 DERIVATIVES OF
TRIGONOMETRIC
FUNCTIONS

() (0.442, 1)

(i) (2.21,-5.00)

sin 2y

(RS
-
[}

(i) x=0.253 280
[X:E)

1.4

¥{2x cos 2x + 3 sin 2x)

4,
.
6.

Al3
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TOFPIC 46 SMALL INCREMENTS AND

)

by (1) -2 LN
(i) a=~-2b=-1
@) A=CT TR E=(0, 1LC=019.9 o,
(iii}
(iv) y=3r+ 14
y=3x-18 1
o 4 o
(vi) 64y =2 37 + 3x+ 03
(O] -

(i) I?% unlt-s‘

(iv) k=18

APPROXIMATIONS
0 -m&
(i) c=18
.

| S

(ri3

:‘Ib%
e
Z=Inx

Approximate change in y = 2p

oo R

G) F=2-7F

(i) 0,125

(i)
(i)
i)

s
lﬂ

TOPIC 47 CONNECTED RATES OF

CHANGE

% ==5; L units/sec
() 132

(i) =347

(ii} 0.177 g/day

(i) Volume of water = "5';

<m’

L
(i) % emst (0243 ems ) 1
it} 20cm
(i) =3
(i) The distance is 42 m when its velocity

is & minimum.
48
AlS

Answers

i) A=3%k=00511
(i) ~0.153
Q=
i) Ay- %
{iii} Rate of change of x = (LA unit per second
(i) The gradient is +.
(i) 8=0and(x+ 2V =0

- % = —t— 2 0 whatever the value

[
of x.
This means the curve has no stationary
point.

(i1} The corresponding rate of change is (LUOS
unitsfsecond.

TOPIC48 INDEFINITE INTEGRALS

*[414-5)‘:’ e
Iy=2t - O+ 45
yer+2inx+2

i) Ay=296p
At Inx - 4N+ d,
where d is also a constant.

(i) v=xr-2-5x-13

(i) Gradient of the curve
=30 -2x-5
=3~ 4x -3
=3 -4 5-3()
=3x-
=3’ -
2= since 3fx~-

TOPIC 49 DEFINITE lI\TEGl_h:\]..S

L or 0,785
@ ) 1%
i) 4%
()

L
£

T =5

(ch (.272 units”




4 @ G 5 6. (a) () Gunits

{ii) 0.708 (i) 12 units’
(b) k=8% ) () 1units’
5. (@) (i) xcosx+sinx (ii) E%Un:llsz
(i) £ - 1or0.571 7. cosir =
6. 3.41 unitt Area of the region = 1.93 units®,
5 B _m 8 () e"(2x+1)
T A i) x=—%
@ k=12 (iii) 156 units
(i) 6% 9, units?
B (i) yv=(x+2) S x-1 10 G) ¥ et g ety
L )L AT - B oLt y3het
Jr=1 %(JH-I) =;f{-1_%e—]‘.—1
A 7 T
=x+) e AT ! Al the stationary point,
_ De2i+2ie-11 Leti_da-tizq
= Tl - ST 2
T F] 2
L Atledi- et 3T =0
=T Sy mady
. E¥¥=3et
-1 Multiply each side by e=+*,
e ply ‘ ye
iy e =3
k= etr=f3
=14 e
7 7
o ()
p= 3 +3
9 (i) o =2sin2r-2sinx ’ v: 3
=43 +J3
=7 =4cos 2x—2cosx _;‘l‘ﬁ 3
o TI:: staonary pointis & maximun point. (i} The stationary point is a minimum.
Gy 3 ydx =0.701 (iii) 3.66 units®
7 . 11. 7 units®
10. —7- or0433 12. (i) 18.5 units®
1. 3 4 N (i) a=1,b=4
12. () 755 -53 The stationary point is a minimum point.
(1) 2.37 13 ) P=(3,3)
(i) R=(9,0)
(iii) 19% units’
TOPIC 500 PLANE AREAS BY 14, (i) A=(-0963,0)

INTEGRATION B=10,3)

. (i) C=(6,0)
L@ A=(212),86.12) (iti) Area of the shaded region

i) 2‘1% units® = Arca of AOB + Area of OBC
j- :I;) ::;m'_ ) =@ -+ LOCK CB
. (i) 832 units? T em 0
(i) 3.68 units? =[x -S] L s 2e0)
k=2 °
P
j[’r}=ﬁ—% =[4,1'+-5-]_¥+9
4. (@ 3% unite =[0+ 4 -4y = £]40
) i'J 5 =[t+2mn4-2]+9
(i) a5 = 10.3 units®

5. 0.272 units®

Al
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L)
(it}

Sy=21 -6
A v=0
S Sx0=21-6 I
Gx =21
x=33
0A = 4.2 units 2.

(i) Arca of ADAB =

= 3
Arca of shaded region = 45 + 3.75
= (rﬁ
Percentage of park ares remaining
f 4.
-
=0.8548752
=85.5%
5.

TOPIC 31 KINEMATICS (WITHOUT
CALCULUS)

[i%
1. (@) (i) 6mis
(it} 45
(i) 25 T
b) (i) Fms?
(i) —48ms" 8
(i)} T=40 )
(iv} 32 m in the opposite direction o
2. (i) Time=4 s Distance = 4.8 m )
(i) V=15 T=6 10
{iti) Time taken = 4.4
Magnitude of the deceleration
341 ms? or 3 ms”
3L 8ms!
(i) 4%m
(i) 65
1.
-f = 120 -2t
Al7

Answers

TOPIC 52 KINEMATICS (CALCULUS)

Gy M+ 1-3p
iy p=6
(i) r=4or3

(i) 1=2nmor628
(i) 26.9m
iy -4
(i) tr-20-5r44
(i) =294m
{iv) 150m
(i) r=2.77
Gifi) Acceleration = —24+ms?
{iv) Displacement = 80 — 8ile~%
iy 1=3
Bm
(i) 4.65
Fer+2
fiy =3
(i) 146 m
(i) 30 mfs*
iy =3
(i} The distance is 42 m when its velocity is
a minimum.
(©) (i) A=5k=00511
(i) —0.153
=230
A=268m
L (1) a =14=-061
Vo= Jl14 - 06
= L4r- 037 + ¢ where
© is a constant
Ifr=0 V= 1400~ 03007 +¢
=05
c =103
Hi=5 V=145-03(59+05
=7-75+05
=0

the particle comes instantancously
to rest when 1= 5.

40m

The velocity is 25 ms

=8

1494 m

2504 m




SOLUTION TO O-LEVEL ADDITIONAL (v) From the graphs of (iii) and (iv). this
MATHEMATICS EXAMINATION equation has three solutions,
NOYEMBER 2007 10, () l=x<4d
(b) (i) e=-Tor3
PAPER 1 (i) f e=-=7 If ¢=3
1. k>18 k<2 y=12x-7| y=[2v-3|
0=|2x-7] 0=|2x-3]
S 2=7 2c=3
3. (@) k=00693 Ife=-7.x=35 Ilfc=3,x=15
(i) r=158 -
4. () -3 1L (i) OF == (p+2q)
(i) 2+43 OR =p+q
e —
5. (i) cotx ) Giy PX =:*-('-l—'|;'I1J
(ii) 0.693 units® —
13 =L 3 (i) PX =(u-Dp+(pn+1)q
6. (i) A =ﬁ[_ﬁ E.Jcr[;‘: E' ] (iv) A=, p=7%
N L 12. EITHER
(i) kn:} s (i) ABSC is an isosceles triangle
7.0 mEgare £BSC =2 £B5Q
(ii) At the turning point: l:_:’:-:" =0 =21an"* (‘:,i:)
(2x+3)e¥ =0 =2tan" (£)
Since e™ =0 =2 x 0.463635
+3=0 =0.9273
=0.927
(ii) 33.2cm
El (iii) 86.8 cm®
: OR
@ x J05]10]15] 20
¥ 159 | 19.1 | 23.4 | 30.2
y=10 59 9.1 134 | 20.2
8 (i) lg(v =10y | 0.771 | 0.959 | 1.13 | 1.31

(i) A'NB'={7,9)
(i) n(BUC) =6
nflAUBUCO)} =1
9. ) %
(i) 2
(iii), (iv)

A =398
b=226
(i) =0.365

"
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PAPER 2 12. EITHER

=]

2]

6.

RHS. = 1 —sinA M 3+ ms?
=cos'A (i) 1+ -+t + 2
=7 OR

1 T -

= T una (i) f— (3, 3)
=L.H.S. (i) 5 units®
200 500 200
145

300 600 O

(3687 0400 300 33
0 700 0 -

Total amount of compost supplied = 1 539 000

litres

PO = 18.0 units

(i) -280

(i) -182

(i) 2sec’ (2x+ 1)
(i1) The secant function is never cqual to zero.
sec’{2x+ 1)=0
2sec’(2x+ 1)=0
The curve ¥ = tan{2x + 1) has no stationary

point.
(i) 2.04 p
iy g=350

(i) =5 =300 kmh
P+ 2701 = 3008
P+ 270 =300
p=30
(i) Time taken = 3% i or 31 45 min.
i) x=6
(i) y=625
(a) (i) 840
(i1) 60
(b) (i) 35
(i) 30
{a) x=210°and330°
(by y=1.89 503

(@) e3-2

by (i) (x+17+4
{ii) The smallest possible value of & is —1.
fiidg! rx—=l+ /x4

L@ 2xady=19

iy C=1(2,5)
(i) D=(8,1)
(iv) AB = (9= 1F +(9+3)
=64+ 144
=208
=4 %352
=4 x |36+ 16]
=4 x[6+47]
=4[(2-8F + (5= 1)]
=4C[F
s AB=2CD
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